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Abstract
Optical (or Robinson) structures are one generalisation of four-dimensional shearfree congruences of
null geodesics to higher dimensions. They are Lorentzian analogues of complex and CR structures. In this
context, we extend the Goldberg-Sachs theorem to five dimensions. To be precise, we find a new algebraic
condition on the Weyl tensor, which generalises the Petrov type II condition, in the sense that it ensures
the existence of such congruences on a five-dimensional spacetime, vacuum or under weaker assumptions
on the Ricci tensor. This results in a significant simplification of the field equations. We discuss possible
degenerate cases, including a five-dimensional generalisation of the Petrov type D condition. We also
show that the vacuum black ring solution is endowed with optical structures, yet fails to be algebraically
special with respect to them. We finally explain the generalisation of these ideas to higher dimensions,
which has been checked in six and seven dimensions.
1 Introduction and motivation
Shearfree congruences of null geodesics or shearfree rays (SFR) have occupied a central position in classical
general relativity, featuring in many important solutions to Einstein’s equations, such as the Kerr black
hole and pp-waves. For vacuum spacetimes, they also have the added property that their generator ka, say,
is a repeated principal null direction (PND) of the Weyl tensor, or equivalently, that the Weyl tensor is
algebraically special, i.e. of Petrov type II or more degenerate:
kakcCabc[d k e] = 0 . (1.1)
The converse is also true: the Goldberg-Sachs theorem (1962) states [GS09] that a vacuum spacetime admits
a shearfree congruence of null geodesics if and only if its Weyl tensor is algebraically special.
SFR can also be equivalently described from the perspective of complex geometry. Naively, one should
think of them as arising from the real intersections of two-dimensional complex leaves of a foliation of
‘complexified’ spacetime, which are totally null or degenerate with respect to the complexified metric. At
each point along a SFR, the (two-dimensional) space orthogonal to its generator is then naturally equipped
with a complex structure. More generally, if (M, g) is a (2m + ǫ)-dimensional Lorentzian manifold, where
ǫ = 0, 1, an optical (or Robinson) structure (N ,K) on (M, g) is an integrable m-dimensional complex
distribution N of the complexified tangent bundle, totally null with respect to the complexified metric, and
which intersects its complex conjugate in the complexification of a real null line bundle C ⊗ K := N ∩ N .
Sections of K are tangent to null geodesics, and the fibers of the screenspace K⊥/K are naturally equipped
with a complex structure when ǫ = 0, and with a CR structure when ǫ = 1. In four dimensions, these null
geodesics are shearfree, but not so in higher dimensions [Tra02b]. They nevertheless preserve the complex
or CR structure on the screenspace.
This aspect of SFR was instrumental in the discovery of the Kerr black hole [Ker63], thanks to what
is now known as the Kerr theorem [CF76]. Later, these ideas would play a central roˆle in the genesis and
development of Roger Penrose’s twistor theory [Pen67,PR86]. In general, the philosophy is to think of an
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optical structure as a real manifestation of a null foliation of complexified spacetime. For different choices
of metric signature, the same null structure gives rise to different real geometries. For instance, a metric-
compatible complex structure on a Riemannian manifold is determined by a null distribution. Nurowski
and Trautman’s description [NT02, Tra02a] of an optical structure as a ‘Lorentzian analog of a Hermite
structure’ is particularly fitting in that sense. Further, the fact that the Goldberg-Sachs theorem was
later generalised [KT62,RS63, PH75, PB83, PR86,AG97, Apo98,GHN10] to any real or complex (pseudo-)
Riemannian manifolds – and under assumptions weaker than Ricci-flatness – testifies of the centrality of
complex methods in the study of SFR in four dimensions.
In recent decades, new theories of physics have made the study of solutions to Einstein’s field equations
in higher dimensions particularly relevant. The mathematics and physics communities have been engaged
not only in generalising known four-dimensional solutions such as pp-waves [CMP+03], the Kerr black hole
[GLPP05,CLP06] or the Kerr-Schild ansatz [OPP09b,OPP09a] to higher dimensions, but also in investigating
the broader geometrical properties of higher-dimensional spacetimes [CMPP04b,CMPP04a]. To this effect,
Coley, Milson, Pravda´, and Pravdova´ have proposed a spacetime classification purporting to generalise the
Petrov classification [CMPP04a,MCPP05,CP06,Col08]. In this setting, various attempts have been made to
generalise classical results of general relativity to higher dimensions, with some measure of success [PPCM04,
PP05,Pra06,PPO07,OPP07,PP08]. While the geodesy property of null congruences was successfully [DR09]
related to the Coley-Milson-Pravda´-Pravdova´ (CMPP) classification of the Weyl tensor in higher dimensions,
the shearfree condition does not appear to hold any particularly privileged place in more than four dimensions.
In fact, it is established in [FS03] that the five-dimensional Myers-Perry black hole admits a pair of PNDs in
the sense of equation (1.1), but these are not shearfree, unlike its four-dimensional counterpart. In particular,
a higher-dimensional Goldberg-Sachs theorem cannot be formulated along these lines.
In contrast, there is strong evidence that optical structures still retain a central position in higher dimen-
sions. An early step towards this is provided by the higher-dimenensional generalisation of the Kerr theorem
by Hughston and Mason in [HM88]. More recently, Mason and the present author [MT10] generalised a
result due to Walker and Penrose [WP70] and proposed a higher-dimensional version of the Petrov type D
condition distinct from that of the CMPP classification. To be precise, a conformal Killing-Yano (CKY)
2-form on a (2m + ǫ)-dimensional (pseudo-)Riemannian manifold (M, g), in normal form, with generically
distinct eigenvalues, and whose exterior derivative satisfies a certain condition, gives rises to 2m integrable
canonical null distributions. Further, the integrability condition of the CKY 2-form implies that the Weyl
tensor must be degenerate on each of these null distributions and their orthogonal complements. The prime
example of a solution characterised by such a CKY 2-form is the Kerr-NUT-AdS metric [CLP06]. All these
results seem to point towards a higher-dimensional generalisation of the Goldberg-Sachs theorem in the
context of null distributions and optical structures.
This motivates the following two questions, which this paper aims to answer:
• Given a five-dimensional spacetime (M, g), does there exist an algebraic condition on the Weyl and
Ricci tensor which guarantees the integrability of an almost optical structure (N ,K)?
• Conversely, given a five-dimensional spacetime, vacuum or weaker, does the existence of an integrable
almost optical structure imply the same algebraic condition on the Weyl tensor?
We shall prove the following result. Suppose that the Weyl tensor and the Cotton-York tensor as defined in
Appendix A satisfy
C(X,Y ,Z, ·) = 0 , A(Z,X,Y ) = 0 ,
respectively, for all X,Y ∈ Γ(N⊥), Z ∈ Γ(N ). Then, assuming the Weyl tensor does not degenerate any
further, the almost optical structure (N ,K) is integrable.
On the other hand, we shall show that the five-dimensional vacuum black ring [ER02,ER06,EHN+07]
provides a counterexample to the converse, i.e. it admits an (integrable) optical structure but its Weyl tensor
fails to be algebraically special relative to it.
The structure of the paper is as follows. In the first section, we recall the basic definitions and properties
of null and optical geometries in arbitrary spacetimes. While some of this material can already be found
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in [NT02] as far as the even-dimensional case goes, we have extended their approach to odd-dimensional
spacetime. The integrability condition for an almost optical structure is then stated, and we use the Sachs
equations in five dimensions to illustrate how the curvature obstructs the propagation of an optical structure
along a null geodesic.
In the second section, we give a definition of algebraic special spacetimes relative to an almost optical
structure (N ,K), as a generalisation of the Petrov type II condition. In five dimensions, this is shown to
imply that the eigenvalues of the Weyl curvature operator take on very simple expressions. Comparisons
with the CMPP classification of the Weyl tensor and the De Smet classification of the conformal Weyl
spinor are drawn. We then justify our choice of definition, by proving that provided the Cotton-York
tensor is degenerate with respect to the optical structure, and the Weyl tensor satisfies some genericity
assumption, then the algebraic speciality implies the integrability of (N ,K). We then show how the Bianchi
identity greatly simplifies for such spacetimes. This is followed by a discussion of more degenerate algebraic
conditions on the Weyl tensor, including the Petrov type D condition.
We end the section by a study of the five-dimensional vacuum black ring, which, we show, is endowed with
optical structures, but fails to be algebraically special relative to them. In some regions, the null structures
do not intersect in a real line bundle, but define a pair of CR structures. In the limit where the black ring
becomes the Myers-Perry black hole with one rotation coefficient, these CR structures persist, and in fact,
co-exist with a pair of optical structures.
Finally, we conjecture that most of the results of the present paper can be generalised to higher dimen-
sions, to arbitrary signatures, and to complex manifolds. The conjecture has already been verified in six and
seven dimensions using Mathematica, and the results will be presented in a future publication [TCa].
We have relegated the basic notational setup, including an analysis of the Weyl curvature operator for
algebraically special spacetimes, together with the component forms of the Ricci and Bianchi identities to
three appendices. Some of the equations therein were simplified by means of the symbolic computer algebra
system Cadabra [Pee07a,Pee07b].
Acknowledgments I would like to thank Lionel Mason for stimulating my interest in the subject, for the
many fruitful discussions I have had the pleasure to have with him, and for his comments on a draft version
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Czech Republic, where the author is supported by an Eduard Cˇech Center postdoctoral fellowship.
2 Preliminaries
2.1 Optical structures
Throughout, (M, g) will denote a (2m + ǫ)-dimensional (pseudo-)Riemannian manifold, where ǫ ∈ {0, 1}.
Given a real (complex) subbundle E of the (complexified) tangent bundle TM, the orthogonal complement
of E with respect to the (complexified) metric will be denoted by E⊥, and the space of sections of E by
Γ(E). Denote by ∇ the Levi-Civita connection.
The definition of an optical structure in even dimensions is given in [NT02]. Here, we introduce the
notion for odd-dimensional spacetimes, which may be described as a Lorentzian analogue of a CR structure.
Definition 2.1 An almost null structure N onM is a complex subbundle of the complexified tangent bundle
of M, which is totally null with respect to the complexified metric, and has maximal rank, i.e. N ⊂ N⊥
and N has rank m. We say that N is a null structure, when N is integrable in the sense of Frobenius, i.e.
[Γ(N ),Γ(N )] ⊂ Γ(N ).
The complexified tangent bundle is equipped with a natural reality structure, induced from an involutory
complex-conjugation operation, denoted ,¯ which preserves the underlying real metric. The signature of the
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real metric imposes restrictions on the possible reality conditions that an almost null structure can satisfy.
This motivates the following definition and lemma.
Definition 2.2 The real index of an almost null structure N is the dimension of the intersection N ∩N .
Lemma 2.3 ([KT92]) Suppose that (M, g) is Lorentzian, and let N be an almost null structure. Then, the
only possible values of the real index r of N are
• r = 1 when ǫ = 0, and
• r = 0, 1 when ǫ = 1.
This allows us to make the following definitions.
Definition 2.4 An almost optical (or Robinson) structure (N ,K) on M is an almost null structure on M
of real index 1, and K →M is the real null line bundle defined by N ∩N =: C⊗K. We say that (N ,K) is
an optical (or Robinson) structure on M, when both N and its orthogonal complement N⊥ are integrable,
in the sense of Frobenius. The screen space of (N ,K) is the rank-(2m− 2 + ǫ) bundle K⊥/K →M.
Remark 2.5 In even dimensions, there is some redundancy in the formulation of Definition 2.4, since in
this case N = N⊥. This remark applies to the subsequent definitions and results which also hold in even
dimensions.
The next proposition gives some properties of optical structures. We omit the proof, which can already be
found in [NT02] in the even-dimensional case, while the odd-dimensional case is a straightforward extension.
Proposition 2.6 Let (N ,K) be an optical structure on M. Then,
1. the integrable curves of the generators of K are null geodesics;
2. the flow of K preserves the null structure N and its orthogonal complement N⊥;
3. the screen space K⊥/K is naturally equipped with a complex structure when ǫ = 0, and with a CR
structure when ǫ = 1.
From now on, we shall assume that (M, g) is a five-dimensional spacetime unless otherwise stated. We
shall make use of the spin coefficient notation given in Appendix A, which is a modified version of that of
[GPGLMG09]. We can always assume that the metric takes the form
gab = 2k(a ℓ b) + 2m(a m¯ b) + uaub ,
where ka, ℓa and ua are real, and ma complex basis 1-forms. Indices are lowered and raised via the metric.
This gives us two canonical almost optical structures (N0,L) and (N1,K), where
N0 = span{ℓa, m¯a} , L = span{ℓa} ,
N1 = span{ka, m¯a} , K = span{ka} .
When no ambiguity can arise, we shall drop the subscript on N0 and N1. The following lemma is an easy
application of the commutation relations (A.2), (A.3) and (A.7).
Lemma 2.7 Let (N ,K) be the almost optical structure defined above. Then
• N is integrable if and only if
κ = σ = 0 , χ = ψ , (2.1)
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• both N and N⊥ are integrable if and only if
κ = σ = ϝ = φ = χ = ψ = η = 0 . (2.2)
Remark 2.8 The conditions κ = ϝ = 0 is equivalent to ka being geodetic. Hence, the lemma tells us that
the integrability of N only is not sufficient to guarantee the geodesy of ka, while the integrability of both N
and N⊥ is.
Remark 2.9 Optical structures, or more generally null structures, can be conveniently expressed in terms
of pure spinor fields [Car81]. Roughly, a spinor field ξ on a (pseudo-) Riemannian manifold (M, g) defines
a totally null distribution Nξ on the complexified tangent bundle TM, given by
Nξ := {X ∈ Γ(C⊗ TM)|X · ξ = 0} ,
where the · denotes the Clifford action. When Nξ is maximal totally null, then ξ is said to be pure. One can
then talk of the real index of a pure spinor field in the obvious way. An optical structure (N ,K) can then
be defined by a pure spinor field (up to scale) of real index 1, which satisfies the integrability conditions
Y · (∇Xξ) = 0 , and X · Y · (∇Zξ) = 0 ,
for all vector fields X,Y ∈ Γ(Nξ), Z ∈ Γ(N⊥ξ ), and where ∇ denotes the spin connection induced from the
Levi-Civita connection. Sections of K can be expressed as the tensor product of ξ and its conjugate. We
shall avoid the use of spinors in this paper, and the reader is referred to the literature for further details
[Car81,PR84,PR86,HM88,BT87,BT88,BT89,KT92,Kop97,MT10].
2.2 Integrability conditions on the Weyl conformal tensor
The existence of an optical structure on a Lorentzian manifold is subject to integrability conditions on the
Weyl tensor as given by the following proposition.
Proposition 2.10 Let (M, g) be a Lorentzian manifold endowed with an almost optical structure (N ,K).
If N and N⊥ are integrable, then the Weyl tensor satisfies
C(X,Y ,Z,W ) = 0 , (2.3)
for all X,Y ∈ Γ(N⊥) and Z,W ∈ Γ(N ).
We omit the proof, which is already given in [MT10] for the complex even-dimensional case, the odd-
dimensional case being similar.
In four dimensions, condition (2.3) is equivalent to the Petrov type I condition. While it is always satisfied
in four dimensions, in the sense that one can find an almost null structure such that at least one of the five
components of the Weyl tensor vanishes, condition (2.3) is non-trivial in higher dimensions. This makes
it somewhat more ‘special’ than in four dimensions, but we shall reserve the term for a stronger algebraic
condition defined later.
Sachs equations The integrability condition (2.3) can also be read off directly from the Sachs equations,
which can be obtained from the Ricci identity by choosing a parallely transported frame along the affinely
parametrised null geodesic generated by the vector field ka. Here, we present a subset of these equations in
the five-dimensional context by setting ǫ = κ = ϝ = π = χ = ϟ = 0 in the Ricci identity given in Appendix
B:
Dσ = −ηψ − ρσ − ρ¯σ +Ψ0 , (B.8)
Dψ = −ψρ¯− ψ¯σ − ψZ +Ψ00 , (B.10)
Dφ = −æψ − φρ¯− συ +Ψ03 , (B.12)
Dη = −ηρ− η¯σ − ηZ +Ψ00 . (B.34)
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It becomes apparent that Ψ0, Ψ
0
0 and Ψ03 are obstructions to the propagation of the CR structure of K⊥/K
along the geodesic, and this, independently of the Einstein equations.
3 Algebraically special spacetimes
The integrability condition (2.3) is not sufficient to guarantee the existence of an optical structure on a
manifold. In four dimensions, the Goldberg-Sachs theorem, however, tells us that a vacuum four-dimensional
spacetime admits an optical structure if and only if it is algebraically special, i.e. it is at least of Petrov type
II. In five dimensions, we first define which condition an ‘algebraically special’ spacetime should satisfy, and
we then demonstrate that it naturally leads to a partial generalisation of the Goldberg-Sachs thorem in five
dimensions.
3.1 A higher-dimensional version of Petrov type II spacetimes
Here, we introduce an alternative characterisation of the algebraic speciality of the Weyl tensor, which we
shall argue in the next section generalises the Petrov type II condition.
Definition 3.1 Let (M, g) be a Lorentzian manifold endowed with an almost optical structure (N ,K). We
say that the Weyl tensor is algebraically special (relative to N ) if it satisfies
C(X,Y ,Z, ·) = 0 , (3.1)
for all X,Y ∈ Γ(N⊥) and Z ∈ Γ(N ). If in addition, the Weyl tensor does not degenerate any further, we
say that the Weyl tensor is generically algebraically special.
Reexpressing the above conditions in the five-dimensional Lorentzian context using the five-dimensional
Newman-Penrose spin coefficient formalism of Appendix A, we have
Lemma 3.2 Let (M, g) be a five-dimensional Lorentzian manifold. Then, the Weyl tensor is algebraically
special if ond only if
Ψ0 = Ψ
0
0 = Ψ03 = Ψ1 = Ψ
0
1 = Ψ
1
1 = Ψ
2
1 = Ψ
0
13 = Ψ
1
13 = Ψ
2
13 = Ψ14 = 0 . (3.2)
Jordan normal form of the Weyl curvature operator In four dimensions, algebraically special space-
time are equivalently characterised by the eigenvalue structure of the Weyl curvature operator, i.e. the Weyl
tensor viewed as an operator on 2-forms or bivectors. More precisely, the Weyl tensor is algebraically special
if its corresponding operator has a repeated eigenvalue. Recently, this approach has been considered for
higher-dimensional spacetimes [HC10,CH10a, CH10b]. In particular, it was found that the Weyl operator
of a five-dimensional spacetime of CMPP type II has at least three eigenvalues of (at least) multiplicity 2
[CH10a]. Here, we assume the stronger condition that the Weyl tensor is generically algebraically special
relative to an almost optical structure. Details of the following results are relegated to Appendix A.
Proposition 3.3 Let (M, g) be a five-dimensional spacetime, and suppose that the Weyl tensor is generically
algebraically special relative to an optical structure N . Then, the Weyl curvature operator C βα has Segre
characteristic [222(11)11] with eigenvalues
Ψ2 , Ψ¯2 , Ψ
0
2 , −Ψ02 , −(Ψ2 + Ψ¯2) +
√
(Ψ2 − Ψ¯2)2 + (Ψ02)2 , −(Ψ2 + Ψ¯2)−
√
(Ψ2 − Ψ¯2)2 + (Ψ02)2 ,
respectively. Further, the 3-forms and 2-forms annihilating N and N⊥ respectively are eigenforms of C βα .
6
It is also worth mentioning that this Jordan normal form does not imply the algebraic condition (3.1):
if we weaken this condition by assuming Ψ14 6= 0, the Weyl curvature operator has the same Jordan normal
form and eigenvalues as the algebraically special case. Some properties of its eigenforms are pointed out in
Appendix A.
Finally, computations have shown that assuming fewer vanishing components of the Weyl tensor does
not lead to such concise expressions of the eigenvalues.
Relation to the CMPP classification Roughly, the idea behind the CMPP classification of the Weyl
tensor is that spacetimes are classified according to the vanishing of components of the Weyl tensor of a
given boost weight [CMPP04a]. According to this scheme, the Weyl tensor of a CMPP Type II spacetime
has vanishing components of boost weights 2 and 1. While in four dimensions, this agrees with the algebraic
conditions given in the present paper, it is clear that in five (or higher) dimensions, neither the integrability
condition (2.3) for an almost optical structureN , nor the algebraic speciality (3.1) of the Weyl tensor relative
to it, fits into the CMPP classification. This can be inferred directly from Table 2 of the appendix. The
algebraic speciality implies the vanishing of not only all components of boost weights 2 and 1 (Ψ0, Ψ
0
0, Ψ
0
1,
Ψ03, Ψ1, Ψ
1
1, and Ψ
2
1), but also of three components of boost weight 0 (Ψ
0
13, Ψ
1
13, and Ψ
2
13), and one of boost
weight −1 (Ψ14). Thus, a spacetime algebraically special with respect to an almost optical structure is a
stronger condition than the CMPP type II condition.
Relation to the De Smet classification The De Smet classification of spacetimes was first proposed
in [DS05] as a generalisation of the classification of the Weyl conformal spinor to five dimensions. The
classification was more recently refined in [God10], where reality conditions on spin space are taken into
account. We recall that the Weyl tensor in four and five dimensions can be viewed as a totally symmetric
element ΨABCD of the spinor algebra. In four dimensions, one can always express the Weyl conformal spinor
as a symmetric product of spinors. However, this is not always the case in five dimensions. In the De Smet
classification, spacetimes are categorised according to the factorisibility of ΨABCD. This procedure imposes
stringent algebraic conditions on the Weyl tensor, and the geometry of algebraically special spacetimes in the
sense of De Smet may be excessively restrictive, as some examples in [God10] show. In fact, an algebraically
special spacetime relative to an optical structure can still be algebraically general in the sense of De Smet.
The point will be illustrated by Example 3.12 and Remark 3.13 below.
3.2 A five-dimensional Goldberg-Sachs theorem
We now come to the main result of the paper. The Cotton-York tensor is defined in Appendix A
Theorem 3.4 (Partial five-dimensional Lorentzian Goldberg-Sachs theorem) Let (M, g) be a five-
dimensional Lorentzian manifold, and (N ,K) an almost optical structure. Suppose that the Weyl tensor is
generically algebraically special relative to N , and the Cotton-York tensor satisfies
A(Z,X,Y ) = 0 , (3.3)
for all X,Y ∈ Γ(N⊥), Z ∈ Γ(N ). Then, the almost optical structure (N ,K) is integrable.
Proof. By assumption, the Weyl tensor satisfies relations (3.2), and the Cotton-York tensor
A112 = A110 = A120 = A212 = A220 = 0 .
By the genericity assumption, no other components of the Weyl tensor vanish identically except possibly at
isolated points. This reduces parts of the Bianchi identity given in Appendix C to the following algebraic
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equations:
0 = σΨ02 + 3σΨ2 − κΨ¯13 (C.1)
0 = κΨ02 − 3κΨ2 (C.2)
0 = (−χ+ 2ψ)Ψ02 + ψΨ2 + (χ+ ψ)Ψ¯2 − ϝΨ¯3 − κΨ23 (C.8)
0 = φΨ2 − φΨ¯2 + κΨ¯04 + (−2χ+ ψ)Ψ¯13 + (χ+ ψ)Ψ¯3 − ϝΨ¯4 + 2σΨ¯23 + σΨ23 (C.9)
0 = −ϝΨ2 + ϝΨ¯2 (C.10)
0 = (2χ− ψ)Ψ02 − χΨ2 + (−χ− ψ)Ψ¯2 − ϝΨ¯13 + ϝΨ¯3 − 2κΨ¯23 + κΨ23 (C.11)
0 = (−η + 2ψ)Ψ02 + (−χ− 3η + ψ)Ψ2 + (χ+ ψ)Ψ¯2 − ϝΨ¯13 − ϝΨ¯3 − 2κΨ¯23 − κΨ23 (C.27)
0 = ϝΨ02 + ϝΨ¯2 (C.28)
0 = φΨ02 − φΨ¯2 + κΨ¯04 + (−2χ− η)Ψ¯13 + (χ+ ψ)Ψ¯3 − ϝΨ¯4 + σΨ23 (C.29)
0 = (2χ+ η)Ψ02 + (−χ− 3η + ψ)Ψ2 + (−χ− ψ)Ψ¯2 − ϝΨ¯13 + ϝΨ¯3 − 2κΨ¯23 + κΨ23 (C.30)
0 = −2κΨ02 (C.32)
0 = 2σΨ02 − 2κΨ¯13 (C.33)
0 = (χ− η)Ψ02 + (−χ− 3η)Ψ2 − ϝΨ¯13 − 2κΨ¯23 (C.35)
0 = φΨ02 − φΨ2 + (−η − ψ)Ψ¯13 − 2σΨ¯23 (C.36)
0 = (η + ψ)Ψ02 + (−3η + ψ)Ψ2 (C.37)
We now show that the connection components satisfy relations (2.2).
• From equation (C.32), one obtains κ = 0 immediately.
• It follows from equation (C.33) that σ = 0.
• By the genericity assumption, we have that ϝ = 0 by equations (C.10) or (C.28).
• Now, (C.35) + (C.37) - (C.8) - (C.11) gives 0 = −6ηΨ2, i.e. η = 0.
• Hence, from equations (C.35), (C.37), (C.8) and (C.11) again, we deduce χ = ψ = 0.
• Finally, any of equations (C.9), (C.29) or (C.36) yields φ = 0.
At this stage, we observe that the condition on the Weyl tensor is frame independent as can be seen from
the gauge transformations given in Appendix A. Hence, all the required connection components are zero in
any null frame. 
Before we proceed, a number of remarks are in order.
Remark 3.5 There arises the issue of whether the algebraic speciality (3.3) is the mininum condition which
guarantees the existence of an optical structure. So, suppose that Ψ14 6= 0 (and for simplicity we maintain the
same condition on the Cotton-York tensor), which by gauge invariance, is the only next weakest assumption
possible. Then, the only algebraic equation involving φ is
0 = φΨ02 − φΨ2 + (−η − ψ)Ψ¯13 + ZΨ¯14 − 2σΨ¯23 . (C.36)
In particular, φ cannot vanish unless Z vanishes itself, which is impossible under our assumptions. We must
thus conclude that any weaker condition on the Weyl tensor will not guarantee the integrability of the optical
structure, i.e. the integrability of both N and N⊥. In fact, it can be checked that weaker conditions (such
as the one we have just considered) may guarantee the integrability of the null distribution N , but not its
orthogonal complement N⊥.
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Remark 3.6 As pointed earlier, the weaker condition given by Ψ14 6= 0 still implies a very simple eigenvalue
structure of the Weyl curvature operator C βα . In the light of the previous remark, there thus appears to be
an affinity between the integrability of N and the Jordan normal form of C βα .
Remark 3.7 It is worth noting that the assumptions of Theorem (3.4) are conformally invariant : if Theorem
(3.4) holds for a frame, then it will also hold for another one conformally related to the first one. To see the
conformal invariance of the optical structure, suppose for definiteness that each basis 1-form is rescaled by
a positive factor Ω. Then, denoting the connection components relative to the rescaled by a ,ˆ we have
κˆ = Ω−1κ , ϝˆ = Ω−1ϝ , σˆ = Ω−1σ , χˆ = Ω−1χ , ψˆ = Ω−1ψ , ηˆ = Ω−1η , φˆ = Ω−1φ ,
and the invariance of the integrability follows. The conformal invariance of the theorem itself is less straight-
forward, but can be checked from the tranformation laws of the Bianchi identity. This property is well-known
in four dimensions [PR86,GHN10], and we defer its generalisation to higher dimensions for a future publi-
cation [TCa].
We end this section by another aspect of the Goldberg-Sachs theorem, whose proof is a straightforward
modification of that of Theorem 3.4.
Proposition 3.8 Let (M, g) be a five-dimensional Lorentzian manifold, and (N ,K) an optical structure.
Suppose that the Weyl tensor is algebraically special relative to N . Then, the Cotton-York tensor satisfies
A(Z,X,Y ) = 0 ,
for all X,Y ∈ Γ(N⊥), Z ∈ Γ(N ).
3.3 Simplification of the Bianchi identity
As a consequence of Theorem 3.4, the Bianchi identity for an algebraically special spacetime simplifies
considerably. Here we record some of the most notable equations, which present an elegant simplicity:
DΨ2 = −A111˜ −A212¯ − ρΨ02 − 3ρΨ2 (C.14)
δΨ2 = A11˜2 −A222¯ − τΨ02 + 3τΨ2 − ρΨ¯13 (C.15)
δ˚Ψ2 = A11˜0 +A22¯0 + (ϛ − υ)Ψ02 + (ϛ+ υ)Ψ2 + (2ρ− Z)Ψ¯23 (C.56)
DΨ02 = −A010 −A111˜ − 2ZΨ02 − ZΨ2 − ZΨ¯2 (C.47)
δΨ02 = −A020 +A11˜2 + (−æ + 2τ)Ψ02 + æΨ¯2 + ρ¯Ψ¯13 − ZΨ¯3 (C.50)
DΨ¯13 = −A211˜ + (−2π¯ + 2τ)Ψ02 − æΨ2 + æΨ¯2 + (−2ǫ¯− Z)Ψ¯13 − ZΨ¯3 (C.48)
δΨ¯13 = A21˜2 − 2λ¯Ψ02 + (−2æ − 2α¯+ 2τ)Ψ¯13 + æΨ¯3 − ZΨ¯4 (C.51)
DΨ¯23 = A011˜ + (ϟ− ϛ)Ψ02 + (ϟ− υ)Ψ2 + (−ϛ+ υ)Ψ¯2 + (−ǫ− ǫ¯− 2ρ)Ψ¯23 − ρΨ23 (C.22)
δΨ¯23 = −A01˜2 + (−2ω + ξ)Ψ02 + (ω + ξ)Ψ2 + ωΨ¯2 + ρΨ¯04 + (ϛ − 2υ + υ¯)Ψ¯13 (C.24)
+ (−ϛ+ υ)Ψ¯3 + (−α¯− β + 2τ)Ψ¯23 − τΨ23
We also have the following equations, which do not depend on the derivatives of the Weyl tensor components:
0 = −A122¯ + (2ρ− 2ρ¯)Ψ02 − ZΨ2 + ZΨ¯2 (C.52)
0 = −A022¯ + (−υ + υ¯)Ψ02 + (ϛ− υ¯)Ψ2 + (−ϛ+ υ)Ψ¯2 + ρ¯Ψ¯23 − ρΨ23 . (C.23)
Further equations can be derived, such as
0 = −A020 − A1˜12 + (æ + 2τ)Ψ02 − æΨ2 + (2ρ− Z)Ψ¯13 , (3.4)
which is given by adding equation (C.50) to equation (C.53).
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3.4 Further degeneracy of the Weyl tensor
In four dimensions, it is well-known that further algebraic specialities of the Weyl tensor (Petrov types D,
III, and N) together with appropriate conditions on the Cotton-York tensor still guarantee the integrability
of an almost optical structure. In this section, we briefly consider what stronger algebraic conditions on the
Weyl tensor imply for the connection components. We start by the following remark:
Remark 3.9 From the proof of Theorem 3.4, one can see that only the assumption that the components Ψ2
and Ψ02 of the Weyl tensor be generic, and in particular non-vanishing, is needed, and none of the remaining
components (Ψ3, Ψ
0
3, Ψ
1
3,Ψ
2
3,Ψ4,Ψ
1
4) play any part in the vanishing of the connection components.
3.4.1 Five-dimensional generalisation of Petrov type D spacetimes
In four dimensions, Petrov type D vacuum spacetimes are characterised by the existence of two distinct
integrable optical structures. In [MT10], it is argued that a (2m+ǫ)-dimensional generalisation of the Petrov
type D condition should also give rise to 2m distinct optical structures. Recall that on a five-dimensional
spacetime where the metric has the form
gab = 2k(a ℓ b) + 2m(a m¯ b) + uaub ,
one can canonically define two almost optical structures (N0,L) and (N1,K), where N0 := span{ℓa,ma} and
N1 := span{ka,ma}. From Remark 3.9, we know that if all the components of the Weyl tensor vanish with
the exception of Ψ2 and Ψ
0
2, then (N1,K) is integrable. But by symmetry, (N0,L) must also be integrable.
We have thus proved the following corollary to Theorem 3.4.
Corollary 3.10 Let (M, g) be a five-dimensional Lorentzian manifold, and (N0,L) and (N1,K) be the
almost optical structures defined as above. Suppose that the Weyl tensor and the Cotton-York tensor satisfy
C(X,Y ,Z, ·) = 0 , A(Z,X,Y ) = 0 ,
for all X,Y ∈ Γ(N⊥i ), Z ∈ Γ(Ni), for each i = 0, 1, and that the Weyl tensor does not degenerate otherwise
(i.e. generic Ψ2,Ψ
0
2 6= 0). Then, the almost optical structures (N0,L) and (N1,K) are integrable.
In this case, the Bianchi identity simplifies drastically:
DΨ2 = −A111˜ −A212¯ − ρΨ02 − 3ρΨ2 (C.14)
D˜Ψ2 = A1˜11˜ −A2¯1˜2 − µΨ02 − 3µΨ2 (C.6)
δΨ2 = A11˜2 −A222¯ − τΨ02 + 3τΨ2 (C.15)
δ¯Ψ2 = A1˜12¯ +A2¯22¯ − πΨ02 + 3πΨ2 (C.7)
δ˚Ψ2 = A1˜10 +A2¯20 + (ϟ− υ¯)Ψ02 + (ϟ+ υ¯)Ψ2 (C.31)
DΨ02 = −A010 −A111˜ − 2ZΨ02 − ZΨ2 − ZΨ¯2 (C.47)
−D˜Ψ02 = A01˜0 −A1˜11˜ + 2ßΨ02 + ßΨ2 + ßΨ¯2 (C.54)
−δΨ02 = −A020 −A222¯ + 2æΨ02 − æΨ2 − æΨ¯2 (C.53)
δ˚Ψ02 = −A11˜0 −A1˜10 + (ϟ+ ϛ+ υ + υ¯)Ψ02 + 12 (ϟ+ ϛ− υ − υ¯)(Ψ2 + Ψ¯2) (3.5)
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where equation (3.5) can be obtained from equations (C.38) and (C.44). Other relations can be obtained
using the following equations
0 = A022¯ + (υ − υ¯)Ψ02 + (ϟ− υ)Ψ2 + (−ϟ+ υ¯)Ψ¯2 (C.13)
0 = A011˜ + (ϟ− ϛ)Ψ02 + (ϟ− υ)Ψ2 + (−ϛ+ υ)Ψ¯2 (C.22)
0 = −A022¯ + (−υ + υ¯)Ψ02 + (ϛ− υ¯)Ψ2 + (−ϛ+ υ)Ψ¯2 (C.23)
0 = −A211˜ + (−2π¯ + 2τ)Ψ02 − æΨ2 + æΨ¯2 (C.48)
0 = −A122¯ + (2ρ− 2ρ¯)Ψ02 − ZΨ2 + ZΨ¯2 (C.52)
0 = −A1˜22¯ + (−2µ+ 2µ¯)Ψ02 + ßΨ2 − ßΨ¯2 (C.55)
When the Einstein equations are imposed, the Cotton-York tensor vanishes and these equations acquire an
even simpler form.
Remark 3.11 Evidently, whether the Weyl tensor is algebraically special with respect to (N1,K) only, or
to both (N0,L) and (N1,K), the eigenvalues of the Weyl curvature operator remain the same. In the latter
case, the Segre characteristic becomes [(11)(11)(11)(11)(11)11].
Example 3.12 (Five-dimensional (Lorentzian) Kerr-NUT-AdS black hole) The five-dimensional
(Lorentzian) Kerr-NUT-AdS black hole metric can be cast in the form
g = 2θ1 ⊙ θ˜1˜ + 2θ2 ⊙ θ¯2¯ + e0 ⊗ e0
where the basis 1-forms {θ1, θ˜1˜, θ2, θ¯2¯, e0} are given by
θ1 :=
1√
2Q
(−dr +Q (dψ + y2dφ)) , θ2 := 1√
2P
(
idy + P
(
dψ − r2dφ)) ,
θ˜1˜ :=
1√
2Q
(
dr +Q
(
dψ + y2dφ
))
, e0 :=
√
c
ry
(
dψ + (y2 − r2)dφ − y2r2dχ) ,
and
Q :=
X
U
, X := −ar2 + br4 − c
r2
− 2A , U := y2 + r2 ,
P :=
Y
V
, Y := ay2 + by4 +
c
y2
− 2B , V := −(y2 + r2) .
Here, a and c are constants related to the angular momenta of the black hole solutions, b is related to
the cosmological constant, and A and B are the mass and NUT parameters. It is shown [MT10] to be
algebraically special relative to the two optical structures1 N0 =
{
θ˜1˜, θ2
}
and N1 = {θ1, θ2}. Hence, it has
only two non-vanishing components, which are found to be
Ψ2 = 2(A−B) (r − iy)
2
(y2 + r2)3
, Ψ02 = 2
(A−B)
(y2 + r2)2
.
At a glance, one notices that
Ψ02 =
√
Ψ2Ψ¯2 . (3.6)
This relation in fact implies that the Weyl conformal spinor ΨABCD can be factorised into the square of a
symmetric 2-valent spinor in normal form, i.e. it is of De Smet type (2, 2).
Remark 3.13 It is clear from this example that the Kerr-NUT-AdS metric is only one of many possible
metrics of ‘Petrov type D’. Weakening the relation (3.6) should lead to new families of five-dimensional
metrics, which are not algebraically special in the sense of De Smet.
1Here, the basis vector fields are denoted by a subscript.
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3.4.2 Other assumptions
Further degeneracy of the Weyl tensor will not guarantee the integrability of the optical structure in general.
We shall make no attempt to give a complete study of every case in this paper, but we shall briefly comment
on four cases to illustrate the situation:
• By a slight alteration of its proof, one can demonstrate that Theorem 3.4 remains valid under the
stronger assumption that either Ψ2 or Ψ
0
2 vanishes. Such assumptions may lead to the vanishing of
more connection components if more components of the Cotton-York vanish (this can be seen directly
from the simplified Bianchi identity).
• Assuming further Ψ2 = Ψ02 = 0 and, for simplicity, Ricci-flatness, and no other components vanishing,
one can show that this does not put the connection component φ under any algebraic restriction, and
thus the orthogonal complement of the null distribution itself may not be integrable. However, enough
connection components vanish to conclude that the null distribution remains integrable.
• Choosing Ψ2 = Ψ02 = Ψ3 = Ψ13 = Ψ23 = 0 and Ricci-flatness, one checks that there are no algebraic
equations involving either φ or χ, and so the null distribution is not necessarily integrable.
• At the other extreme, one can consider the case of a vacuum spacetime, where all components of the
Weyl tensor vanish except for Ψ03. One can show that such spacetime must be of De Smet type (11, 11),
i.e. its Weyl tensor is solely determined by a spinor field. As explained in Remark 2.9, this spinor field
also defines a null distribution of real index 1 of the complexifed tangent bundle, and hence an almost
optical structure (N ,K). This is one of the cases studied in [God10]. The Bianchi identity then tells
us that not only does the spacetime admit an optical structure (i.e. equations (2.2) are satisfied), but
also the congruence of rays generated by K is divergence-free (Z = ρ = 0, i.e. ∇aka = 0 , for any
ka ∈ Γ(K)), and υ − υ¯ = 0.
4 Optical structures and the black ring
4.1 An algebraically general spacetime admitting optical structures
While we have shown that there exists an algebraic condition on the Weyl tensor, which guarantees the
existence of an optical structure in five dimensions, we now use the black ring solution found in [ER02] as a
counterexample to the converse.
The five-dimensional black ring metric takes the form
g = 2θ1 ⊙ θ˜1˜ + 2θ2 ⊙ θ˜2˜ + e0 ⊗ e0 ,
where the basis 1-forms {θ1, θ˜1˜, θ2, θ˜2˜, e0} are given by
θ1 :=
R
√−F (x)G(y)√
2(x − y)
(√
F (y)
G(y)
dy + idψ
)
, θ˜1˜ :=
R
√−F (x)G(y)√
2(x− y)
(√
F (y)
G(y)
dy − idψ
)
,
θ2 :=
RF (y)
√
G(x)√
2(x− y)√F (x)
(√
F (x)
G(x)
dx+ idφ
)
, θ˜2˜ :=
RF (y)
√
G(x)√
2(x− y)√F (x)
(√
F (x)
G(x)
dx− idφ
)
,
e0 :=
√
−F (x)
F (y)
(
dt+R
√
λν(1 + y)dψ
)
,
and
F (ξ) := 1− λξ , G(ξ) := (1− ξ2)(1 − νξ) .
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Here, R, λ and µ are positive constants with λ, ν < 1.
In terms of the dual basis of vector fields {θ1, θ˜1˜, θ2, θ˜2˜, e0}. the canonical distributions
N1 := span{θ1, θ˜2˜} , N2 := span{θ˜1˜, θ2} ,
N0 := span{θ˜1˜, θ˜2˜} N12 := span{θ1, θ2} ,
are maximal totally null. Depending on the range of x and y, the basis 1-forms may be real or complex, and
accordingly the eigenvalues of the metric will change signs [PP05]. For specificity, we shall consider only the
following two regions:
A := {(x, y, φ, ψ, t) : −1 < x < 1 , y < −1} , B := {(x, y, φ, ψ, t) : −1 < x < 1 , 1
λ
< y < 1
ν
}
.
In both regions, the metric is of Lorentzian signature. Then,
• in region A, we have e0 = −e0, N1 = N2 and N0 = N12, so that N0 and N1 are of real index 0.
• in region B, e0 = e0; N1 = N12 and N0 = N2, so that N0 and N1 are of real index 1, and thus define
two distinct almost optical structures.
Now, computing the structure equations gives
de0 =
(
−λ(x− y)
√
G(x)
2
√
2RF (x)F (y)
(θ1 + θ˜1˜) +
λ(x− y)√G(y)
2
√
2R
√−F (x)F (y)√F (y) (θ2 + θ˜2˜)
)
∧ e0
− i λν(x− y)
2
√
G(x)
√
G(y)
R
√
F (x)
√
F (y)F (y)
√
G(y)
θ2 ∧ θ˜2˜ ,
dθ1 =
(
−
√
G(x)(2F (x) + λ(x− y))√
2RF (x)F (y)
(θ2 + θ˜2˜)
+
√−G(y)
2
√
2R
√
F (x)
√
F (y)G(y)
(
2G(y) +
d
dy
G(y)(x − y)
)
θ˜1˜
)
∧ θ1 ,
dθ2 =
(
1√
2
(F (y)− λ(x − y))√−G(y)
R
√
F (x)
√
F (y)F (y)
(θ1 + θ˜1˜)
+
1
2
√
2RF (y)F (x)
√
G(x)
(
−2G(x)F (x) + d
dx
G(x)F (x)(x − y) + λG(x)(x − y)
)
θ˜2˜
)
∧ θ2 ,
and similarly for θ˜1˜ and θ˜2˜. By the dual form of the Frobenius theorem, one therefore sees that both
distributions N0 and N1 and their orthogonal complements (N0)⊥ and (N1)⊥ are integrable. Hence,
• in region A, N0 and N1 define two distinct CR structures;
• in region B, N0 and N1 define two distinct optical structures.
Remark 4.1 The structure equations tells further us that the basis 1-forms θ1, θ˜1˜, θ2 and θ˜2˜ are hyper-
surface orthogonal. Specialising to the case where N0 and N1 are of real index 0, one can then introduce
complex coordinates z and w defined by
dz :=
√
F (x)
G(x)
dx+ idφ , dw :=
√
F (y)
G(y)
dy + idψ .
The case where N0 and N1 are of real index 1 is similar except that one obtains one complex coordinate,
and two real null coordinates.
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It is however well-known that the black ring metric is generically of CMPP type Ii, and algebraically
general in the De Smet classification [PP05, God10]. In fact, a Maple computation shows that the Weyl
tensor is not algebraically special with respect to any of the null structures. In the notation of Appendix A,
and restricting ourselves to region B, we find
Ψ0 = Ψ
0
0 = Ψ03 = 0 = Ψ4 = Ψ
0
4 = Ψ14 , (4.1)
which are none other than the integrability conditions for the optical structures (N0,L) and (N1,K). In
addition, the remaining vanishing components lead to the relations
Ψ2 = Ψ¯2 , Ψ
2
1 = Ψ¯
2
1 , Ψ
2
3 = Ψ¯
2
3 , Ψ
1
13 = −Ψ¯213 , (4.2)
i.e. some components of the Weyl tensor that are generically complex satisfy some reality conditions.
4.2 A five-dimensional spacetime with eight null structures
In four dimensions, the maximal number of optical or null structures that a non-trivial spacetime can admit
is four2, in which case the spacetime is of Petrov type D. In [MT10], we argued that the generalisation of
Petrov Type D spacetimes in (2m + ǫ) dimensions is characterised by the existence of 2m null structures.
Here, we show that a five-dimensional spacetime may admit more than four null structures.
It is shown in [ER06], that setting λ = 1 in the black ring metric, one recovers the five-dimensional
Myers-Perry black hole with only one rotation coefficient. In this case, one can choose [PP05]
k± :=
1
(x2 − 1)(−1 + νy)
(
νyx− y + νx+ 1− 2νy
x− y R
∂
∂t
−√ν ∂
∂ψ
)
±
√
νx− 1
(x − y)(y − 1)
(
∂
∂x
+
y2 − 1
x2 − 1
∂
∂y
)
,
which turn out to be Weyl aligned null directions (WAND) for the Weyl tensor. Now, it is shown in [MT10]
that both WANDs k+ and k− are sections of two real null lines bundles K+ and K− determined by two
independent optical structures (N±,K±), (i.e. null distributions of real index 1). But it is clear that the
null structures N0 and N1 of real index 0, which we discovered in the generic black ring, subsist in this limit.
In fact, in terms of the null basis, one has
k± = − R
√
1− y√
1− x(x+ 1)(x− y)e0 ∓
R
√
1− y√
2
√
(1− x2)(x− y)3
(
θ2 + θ˜2˜
)
∓ R
√
y2 − 1√
2
√
(1− x)(1 − νy)(x− y)3(x+ 1)
(√
1− νx∓ i
√
ν(x− y)
)
θ1
∓ R
√
y2 − 1√
2
√
(1 − x)(1 − νy)(x− y)3(x + 1)
(√
1− νx± i
√
ν(x − y)
)
θ˜1˜ .
Therefore, the five-dimensional Myers-Perry black hole with one rotation coefficient admits two pairs of
conjugate null distributions (N±, N±) of real index 1 and another two pairs of null distributions (N0, N1,
N2, N12) of real index 0.
5 Conclusion and outlook
We have introduced the notion of an optical structure (N ,K) on odd-dimensional spacetimes, and we have
proposed an algebraic condition on the Weyl tensor, which generalises the Petrov type II condition, and we
2Here, we have counted complex pairs of null structures as two distinct null structures.
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have shown that in five dimensions, the corresponding Weyl curvature operator admits a remarkably simple
Jordan normal form. This definition is justified by Theorem 3.4, which extends the celebrated Goldberg-Sachs
theorem to five dimensions. To be precise, an algebraically special spacetime with respect to N , provided
the Cotton-York is degenerate on N , is generically endowed with an optical structure. As a result, the Ricci
and Bianchi identities simplify considerably, which should open up new avenues leading to the discovery of
five-dimensional solutions to Einstein’s field equations in a systematic fashion, as in the four-dimensional
case [SKM+03].
Further, we have briefly highlighted that stronger algebraic conditions on the Weyl tensor, which includes
a five-dimensional ‘Petrov’ type D condition, may or may not ensure the integrability of an almost optical
structure. It would be interesting to conduct a comprehensive study of these special cases.
It is also worth emphasising that the existence of an optical structure on a spacetime guarantees the
existence of complex coordinates on the null foliation of complexified spacetime. It is anticipated that under
certain conditions these coordinates could provide suitable (semi-)complex coordinates on the real spacetime,
thus reducing the number of independent components of the metric.
While Theorem 3.4 is stated and proved in the context of five-dimensional spacetimes, the underlying
geometry is more easily formulated in terms of null distributions in the complexification. In fact, we have
checked using Mathematica that the above theorem does hold in the complex case too. More generally, the
following conjecture has been verified to be true in dimensions six and seven.
Conjecture 5.1 Let (M, g) be a (2m + ǫ)-dimensional complex Riemannian manifold. Let N denote a
maximal totally null subbundle of the tangent bundle, i.e. N ⊂ N⊥ and N has rank m. Suppose that the
Weyl tensor and the Cotton-York tensor satisfy
C(X,Y ,Z, ·) = 0 , A(Z,X,Y ) = 0 ,
respectively, for all X,Y ∈ N⊥ and Z ∈ N . Then, assuming the Weyl tensor does not degenerate any
further, the distributions N and N⊥ are integrable in the sense of Frobenius, i.e.
[N ,N ] ∈ N , [N⊥,N⊥] ∈ N⊥ .
As in the five-dimensional case, there are real versions of the conjecture, which can be obtained by taking
appropriate real slices. In a forthcoming paper [TCb], we shall lay out the details of the conjecture together
with a proof for the six- and seven-dimensional versions of the theorem.
We have also shown that the five-dimensional black ring admits optical structures in certain regions of
spacetime, and integrable null distributions of real index 0 in others. Yet, this solution is not algebraically
special. This counterexample thus invalidates the converse of Theorem 3.4, in contradistinction to the four-
dimensional case. We also pointed out that the Kerr black hole limit of the black ring solution retains the
integrable null distributions of real index 0, while gaining a pair of optical structures. It would then be
instructive to determine which geometric properties differentiate optical structures that are algebraically
special, from those that are not. While not every optical structure can be obtained from Theorem 3.4, alge-
braically special spacetimes should nevertheless provide a wide class of solutions admitting optical structures.
In [TCa], we study a special class of higher-dimensional Kerr-Schild metrics
gab = ηab + 2Hkakb ,
where ηab is the flat metric, H a function, and k
a is a real null geodesic vector field defined by an optical
structure (N ,K). It turns out that such metrics are algebraically special with respect to (N ,K).
A Setup and notation
In this appendix, we set up the notation used throughout this paper. We essentially follow and extend the
index notation and the spin coefficient convention of [PR84]. While we have avoided the use of spinors,
our notation is inspired by [GPGLMG09], which is an extension of the Penrose-Newman formalism using
four-spinor calculus in five dimensions. There are some minor differences between their convention and ours,
which will be pointed out in due course.
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A.1 Null basis
Let (M, g) be a five-dimensional Lorentzian manifold. The metric can then be put in the form
gab = 2k(a ℓ b) + 2m(a m¯ b) + uaub ,
where ka, ℓa and ua are real, and ma complex 1-forms. As usual, indices are raised and lowered via the
metric, so ℓa, ka, m¯a, ma and ua are basis vector fields (in [GPGLMG09], ua is chosen to be of norm
√
2). For
future use, we note that this naturally defines two canonical almost optical structures (N0,L) and (N1,K),
where
N0 = span{ℓa, m¯a} , L = span{ℓa} , N1 = span{ka, m¯a} , K = span{ka} .
It is convenient to introduce numerical indices, which are particularly useful for taking components of various
tensorial quantities. Writing, δba in place of g
b
a , we assign the following numerical values to the basis vectors
and 1-forms:
ka = δa1 , ℓ
a = δa
1˜
, m¯a = δa2 , u
a = δa0 , and ka = δ
1˜
a , ℓa = δ
1
a , ma = δ
2
a , ua = δ
0
a ,
respectively. Thus, for instance, components of a tensor A cab in this basis will be denoted
A 1˜12 := A
c
ab k
am¯bkc ,
and so on.
With this notation, we shall denote the induced basis bivectors and basis 2-forms by
δ[ij]α :=
√
2δi[a δ
j
b] , δ
α
[ij] :=
√
2δ
[a
i δ
b]
j , (i, j ∈ {1, 1˜, 2, 2¯, 0}) ,
respectively. These are clearly dual to each other, i.e. δ
[ij]
α δα[kℓ] = 2δ
i
[k δ
j
ℓ]. Here, a Greek index α can be
viewed as a multi-index, or in the abstract index language [PR84], as being ‘isomorphic’ to [a1a2], say.
There is an induced metric on the space of bivectors given by
gαβ := ga1[b1 g b2]a2 ,
which can be reexpressed as
gαβ = −δ11˜α δ11˜β − δ22¯α δ22¯β + 2δ12(α δ1˜2¯β) + 2δ1˜2(α δ12¯β) + 2δ10(α δ1˜0β) + 2δ20(α δ2¯0β) .
Similarly, the induced metric on the space of 2-forms is given by
gαβ := ga1[b1 g b2]a2 ,
and clearly satisfies
gαγg
γβ = δ[b1a1 δ
b2]
a2
= δβα .
A.2 Connection components
Let ∇ be the Levi-Civita connection on (M, g), i.e. the unique tosion-free connection preserving the metric
gab, and define, for convenience, the differential operators
D := ka∇a , D˜ := ℓa∇a , δ := m¯a∇a , δ˚ := ua∇a .
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The components of the connection 1-form can then be expressed as follows:
(ǫ+ ǫ¯) := Γ
111˜
= ℓaDka , (γ + γ¯) := Γ1˜11˜ = ℓ
aD˜ka , (α¯+ β) := Γ211˜ = ℓ
aδka ,
κ := Γ112 = m¯
aDka , τ := Γ1˜12 = m¯
aD˜ka , σ := Γ212 = m¯
aδka ,
π¯ := Γ
11˜2
= m¯aDℓa , ν¯ := Γ1˜1˜2 = m¯
aD˜ℓa , λ¯ := Γ21˜2 = m¯
aδℓa ,
(ǫ− ǫ¯) := Γ122¯ = maDm¯a , (γ − γ¯) := Γ1˜22¯ = maD˜m¯a , (β − α¯) := Γ222¯ = maδm¯a ,
ϟ := Γ
11˜0
= uaDℓa , ϡ := Γ1˜1˜0 = u
aD˜ℓa , ξ := Γ21˜0 = u
aδℓa ,
ϝ := Γ110 = u
aDka , ϛ := Γ1˜10 = u
aD˜ka , ψ := Γ210 = u
aδka ,
χ := Γ120 = u
aDm¯a , ω := Γ1˜20 = u
aD˜m¯a , φ := Γ220 = u
aδm¯a ,
(θ + θ¯) := Γ
011˜
= ℓaδ˚ka ,
η := Γ012 = m¯
aδ˚ka , ρ := Γ2¯12 = m¯
aδ¯ka ,
ζ¯ := Γ
01˜2
= m¯aδ˚ℓa , µ¯ := Γ2¯1˜2 = m¯
aδ¯ℓa ,
(θ − θ¯) := Γ022¯ = maδ˚m¯a ,
ß := Γ
01˜0
= uaδ˚ℓa ,
Z := Γ010 = u
aδ˚ka ,
æ := Γ020 = u
aδ˚m¯a , υ := Γ2¯20 = u
aδ¯m¯a ,
Here, we have introduced the ancient Greek letters ϡ (‘sampi’), ϝ (‘digamma’), ϟ (‘qoppa’) and ϛ (‘stigma’),
together with the Anglo-Saxon letters Z (‘yogh’), ß (‘wynn’) and æ (‘asc’ pronounced ‘ash’). These are
denoted by gothic letters in [GPGLMG09].
The commutation relations among the basis vector fields are then found to be
[D, D˜] = −(γ + γ¯)D − (ǫ+ ǫ¯)D˜ + (π − τ¯) δ + (π¯ − τ) δ¯ + (ϟ− ϛ) δ˚ , (A.1)
[D, δ] = − (π¯ + α¯+ β)D − κD˜ + (ǫ− ǫ¯ − ρ¯) δ − σδ¯ + (χ− ψ) δ˚ , (A.2)
[D, δ˚] = − (ϟ+ θ + θ¯)D − ϝD˜ − (χ¯+ η¯) δ − (χ+ η) δ¯ − Zδ˚ , (A.3)
[D˜, δ] = −ν¯D + (−τ + α¯+ β) D˜ + (γ − γ¯ − µ) δ − λ¯δ¯ + (ω − ξ) δ˚ , (A.4)
[D˜, δ˚] = −ϡD + (−ϛ+ θ + θ¯) D˜ − (ω¯ + ζ) δ − (ω + ζ¯) δ¯ − ßδ˚ , (A.5)
[δ, δ¯] = (−µ+ µ¯)D + (−ρ¯+ ρ) D˜ + (β¯ − α)δ − (β − α¯)δ¯ + (υ¯ − υ) δ˚ , (A.6)
[δ, δ˚] =
(−ξ + ζ¯)D + (−ψ + η) D˜ + (−υ¯ − θ + θ¯) δ − φδ¯ − æ δ˚ . (A.7)
A.3 Curvature tensors
Denote by R dabc the Riemann curvature associated with ∇, which we shall take to be conventionally defined
by
R cabd V
d := 2∇[a∇ b]V c .
For the purpose of the article, we shall only be concerned with the decomposition of the Riemann tensor as
Rabcd = Cabcd − 4g[a |[cP d]| b] ,
where Cabcd and Pab are the Weyl tensor and the Rho tensor respectively.
The Weyl tensor and the Weyl curvature operator In five dimensions, the Weyl tensor has 35
independent components. In Lorentzian signature, and with respect to an almost null structure of real index
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1, it is convenient to label them as follows
Ψ0 := C1212 , Ψ1 := C1211˜ , Ψ2 := C121˜2¯ Ψ3 := C1˜2¯1˜1 , Ψ4 := C1˜2¯1˜2¯ ,
Ψ00 := C1012 , Ψ
0
1 := C1212¯ , Ψ
0
2 := C101˜0 Ψ
0
3 := C1˜2¯1˜2 , Ψ
0
4 := C1˜01˜2¯ ,
Ψ11 := C1020 , Ψ
1
3 := C1˜02¯0 ,
Ψ21 := C2012¯ Ψ
2
3 := C2¯01˜2
Ψ03 := C2012 , Ψ
1
13 := C101˜2 Ψ
0
13 := C121˜2 Ψ
2
13 := C1˜012¯ , Ψ14 := C2¯01˜2¯ ,
where Ψ01, Ψ
0
2, Ψ
0
3 are real, and the 16 remaining components complex. While we have made the same choice
of independent components as [GPGLMG09], their notation is more adapted to the use of a spinor basis
of real index 1. Despite the importance of pure spinors in the theory of optical structures, the algebraic
speciality of the Weyl tensor is somewhat expressed more simply tensorially, and the aim of this notation is
to reflect the curvature properties of the canonical optical structures, while extending the four-dimensional
Petrov classification. In particular, the vanishing of the components Ψ·0· characterises the integrability
condition of the almost optical structure (N1,K). If further the components Ψ·1· vanish, the spacetime
is algebraically special with respect to (N1,K). By symmetry, components Ψ··4 and Ψ··3 are related to the
curvature properties of the optical structure (N0,L). Components Ψ·2 are the only non-vanishing components
for ‘Petrov’ type D spacetimes.
The Weyl curvature tensor Cabcd gives rise to the Weyl curvature operator C
cd
ab = Cabefg
cegdf , which
we shall also denote C βα in the notation introduced earlier. In five dimensions, one can thus regard C
β
α
as a tracefree 10 × 10 matrix, satisfying Cαβ = Cβα, acting on 2-forms, or dually, on bivectors. From the
symmetries of the Weyl tensors, one can express the entries of C βα in terms of the components of Cabcd. We
omit the most general form of C βα , and focus instead on Weyl tensors algebraically special with respect to the
optical structure (N1,K). So, assume Ψ·0· = Ψ·1· = 0. In the induced bases of 2-forms {δ[ij]α } and of bivectors
{δα[ij]} adapted to (N1,K), choose the index ordering
{
[12], [12¯], [10], [20], [2¯0], [11˜], [22¯], [1˜2], [1˜2¯], [1˜0]
}
. Then,
the Weyl curvature operator C βα reduces to
(C) βα =

Ψ2 0 0 0 0 0 0 0 0 0
0 Ψ¯2 0 0 0 0 0 0 0 0
0 0 Ψ02 0 0 0 0 0 0 0
Ψ¯23 0 Ψ¯
1
3 −Ψ
0
2 0 0 0 0 0 0
0 Ψ23 Ψ
1
3 0 −Ψ
0
2 0 0 0 0 0
−Ψ3 −Ψ¯3 Ψ¯
2
3 +Ψ
2
3 0 0 −Ψ
0
2 −Ψ2 − Ψ¯2 −Ψ2 + Ψ¯2 0 0 0
−Ψ3 +Ψ
1
3 Ψ¯3 − Ψ¯
1
3 −Ψ
2
3 + Ψ¯
2
3 0 0 −Ψ2 + Ψ¯2 −Ψ2 − Ψ¯2 +Ψ
0
2 0 0 0
Ψ4 Ψ
0
3 Ψ
0
4 0 Ψ¯
2
3 Ψ3 Ψ3 −Ψ
1
3 Ψ2 0 0
Ψ03 Ψ¯4 Ψ¯
0
4 Ψ
2
3 0 Ψ¯3 −Ψ¯3 + Ψ¯
1
3 0 Ψ¯2 0
Ψ04 Ψ¯
0
4 −2Ψ
0
3 Ψ
1
3 Ψ¯
1
3 −Ψ¯
2
3 −Ψ
2
3 Ψ
2
3 − Ψ¯
2
3 0 0 Ψ
0
2


.
(A.8)
This is an almost lower triangular matrix, and after a little algebra, one can read off its eigenvalues. In
fact, a computer computation reveals that the Weyl curvature operator has Segre characteristic [222(11)11].
Table 1 lists the eigenvalues and the eigenforms for the repeated eigenvalues. These eigenforms can be seen
to be null with respect to the induced metric on 2-forms. The eigenforms for the simple eigenvalues are
omitted for lack of space. It suffices to say that they are spanned by k[a m¯ b], k[am b], k[au b], k[a ℓ b], and
m¯[am b].
When Ψ14 6= 0, the Weyl curvature operator has the same Jordan normal form. While the eigenvectors
for the eigenvalues Ψ2, Ψ¯2 and Ψ
0
2 remain the same as in the algebraically special case, the others differ: a
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Eigenvalue ( multiplicity ) Eigenvectors
Ψ2 (2) k[a m¯ b]
Ψ¯2 (2) k[am b]
Ψ02 (2) k[au b]
−Ψ02 (2)
Ψ¯2
3
Ψ0
2
+Ψ2
k[a m¯ b] +
Ψ¯1
3
2Ψ0
2
k[a u b] − m¯[a u b]
Ψ2
3
Ψ0
2
+Ψ¯2
k[am b] +
Ψ1
3
2Ψ0
2
k[a u b] −m[a u b]
−(Ψ2 + Ψ¯2) +
√
(Ψ2 − Ψ¯2)2 + (Ψ02)2 (1) omitted
−(Ψ2 + Ψ¯2)−
√
(Ψ2 − Ψ¯2)2 + (Ψ02)2 (1) omitted
Table 1: Eigenvalues and eigenvectors of the Weyl curvature operator of a five-dimensional algebraically
special spacetime
complex conjugate pair of eigenvectors for −Ψ02 now read
Ψ23Ψ¯
2
3 −Ψ14Ψ¯14
Ψ02 +Ψ2
k[a m¯ b] +Ψ
2
3
(
Ψ¯13
2Ψ02
k[au b] − m¯[au b]
)
− Ψ¯14
(
Ψ13
2Ψ02
k[a u b] −m[au b]
)
,
Ψ23Ψ¯
2
3 −Ψ14Ψ¯14
Ψ02 + Ψ¯2
k[am b] + Ψ¯
2
3
(
Ψ13
2Ψ02
k[au b] −m[au b]
)
−Ψ14
(
Ψ¯13
2Ψ02
k[a u b] − m¯[au b]
)
.
Contrary to the algebraically special case (with Ψ14 = 0), these eigenforms are not null. The eigenvectors for
−(Ψ2 + Ψ¯2) ±
√
(Ψ2 − Ψ¯2)2 + (Ψ02)2 are again rather complicated, but as in the algebraically special case,
they are spanned by k[a m¯ b], k[am b], k[au b], k[a ℓ b], and m¯[am b].
The Rho and Cotton-York tensors The Rho tensor is symmetric, and thus has 15 independent com-
ponents, which will be labelled in the usual fashion. Another important curvature tensor is the Cotton-York
tensor defined to be
Aabc := 2∇[bP c]a ,
or equivalently, from the contracted Bianchi identity,
∇dCdabc = −2Aabc .
This implies that A[abc] = 0 and A
a
ab = 0.
A.4 Gauge transformations
The null structure is invariant under the subgroup of the sim group generated by (R ⊕ u(1)) ⋉ R3. This
group can be split into three types of transformations:
• null rotations fixing ka
ka 7→ kˆa = ka , ℓa 7→ ℓˆa = ℓa + zma + z¯m¯a + rua − (zz¯ + 12r2)ka
ma 7→ mˆa = ma − z¯ka , ua 7→ uˆa = ua − rka . (A.9)
where z ∈ C, r ∈ R;
• boosts
ka 7→ kˆa = bka , ℓa 7→ ℓˆa = b−1ℓa , ma 7→ mˆa = ma , ua 7→ uˆa = ua . (A.10)
where b ∈ R;
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• unitary rotations
ka 7→ kˆa = ka , ℓa 7→ ℓˆa = ℓa , ma 7→ mˆa = zma , ua 7→ uˆa = ua . (A.11)
where z ∈ U(1).
Transformation rules of the connection 1-form Here, we give the transformation rules of the connec-
tion components under a boost (A.10) only, the other cases being somewhat more straightforward.
κˆ = κ , ϝˆ = ϝ , σˆ = σ − zκ , ψˆ = ψ − zϝ , ρˆ = ρ− z¯κ ,
Zˆ = Z − rϝ , ηˆ = η − rκ , χˆ = χ+ rκ− zϝ , φˆ = φ− zχ+ rσ − rzκ− zψ + z2ϝ , ǫˆ = ǫ+ z¯κ+ 1
2
rϝ ,
αˆ = α− z¯ǫ+ z¯ρ− z¯2κ+ rψ − rzϝ , βˆ = β − zǫ+ z¯σ − zz¯κ+ rψ − rzϝ ,
¯ˆπ = π¯ + 2zǫ¯+ z2κ¯− 1
2
r
2
κ− rχ+ rzϝ+Dz τˆ = τ + zρ+ z¯σ + rη − (zz¯ + 1
2
r
2)κ ,
ϛˆ = ϛ+ zψ¯ + z¯ψ + rZ − (zz¯ + 1
2
r
2)ϝ , æˆ = æ − r(χ− η)− r2κ+ rzϝ− zZ ,
υˆ = υ − z¯χ+ rρ− rz¯κ− zψ¯ + zz¯ϝ , θˆ = θ − rǫ+ z¯η − z¯rκ+ rZ − r2ϝ ,
ϟˆ = ϟ+ r(ǫ+ ǫ¯) + zχ¯+ z¯χ+ r(zκ¯+ z¯κ) + 1
2
r
2
ϝ− zz¯ϝ+Dr
¯ˆ
λ = λ¯− rφ− 1
2
r
2
σ + 2zα¯− zπ¯ + rzχ+ rzψ + 1
2
r
2
zκ− 2z2ǫ¯ − rz2ϝ+ z2ρ¯− z3κ¯+ δz − zDz
¯ˆ
ζ = ζ¯ − ræ − rπ¯ + r2χ− 1
2
r
2
η + 1
2
r
3
κ− 2rzǫ¯− r2zϝ+ 2zθ¯ + rzZ + z2η¯ − z2κ¯+ δ˚z − rDz
¯ˆµ = µ¯− 1
2
r
2
ρ− rυ + 2zβ¯ + rzψ¯ + z2σ¯ − z¯π¯ + rz¯χ+ 1
2
r
2
z¯κ− 2zz¯ǫ¯− rzz¯ϝ− z2z¯κ¯+ δ¯z − z¯Dz
γˆ = γ + zα+ z¯β + rθ − (zz¯ + 1
2
r
2)ǫ+ z¯τ + z¯zρ+ z¯2σ + z¯rη − z¯(zz¯ + 1
2
r
2)κ+ rϛ+ rzψ¯ + rz¯ψ
+ r2Z − r(zz¯ + 1
2
r
2)ϝ
ξˆ = ξ + rα¯+ rβ + 1
2
r
2
ψ − zϟ− rzǫ− rzǫ¯− 1
2
r
2
zϝ+ rzρ¯+ zυ¯ − z2χ¯− rz2κ¯+ z¯φ+ rz¯σ − zz¯χ
− zz¯ψ − rzz¯κ + z2z¯ϝ + δr − zDr − (zz¯ + 1
2
r
2)Dr
ωˆ = ω + ræ − 1
2
r
2
χ+ r2η − ( 1
2
r
3 + rzz¯)κ+ rτ + rzρ− zϛ+ zυ − rzZ − z2ψ¯ + (zz¯ + 1
2
r
2)ϝ
+ z¯φ + rz¯σ − zz¯χ − zz¯ψ
ßˆ = ß − rϟ+ (rzz¯ − 1
2
r
3)ϝ− r2(ǫ+ ǫ¯) + r(θ + θ¯) + ( 1
2
r
2
− zz¯)Z + zæ¯ + z¯æ
− rzχ¯ − rz¯χ + rzη¯ + rz¯η − r2z¯κ − r2zκ¯ + δ˚r − rDr
¯ˆν = ν¯ − rω − r2æ − ( 1
2
r
2 + zz¯)π¯ + ( 1
2
r
3 + rzz¯)χ− 1
2
r
3
η + ( 1
4
r
4 + 1
2
r
2
zz¯)κ− 1
2
r
2
τ + 2zγ¯ + zµ¯− (r2z + 2z2z¯)ǫ¯
− ( 1
2
r
3
z + rz2z¯)ϝ− 1
2
r
2
zρ+ rzϛ+ 2rzθ¯ − rzυ + r2zZ + 2z2β¯ + rz2η¯ + rz2ψ¯ − ( 1
2
r
2
z
2 + z3z¯)κ¯+ z2τ¯ + z3σ¯
+ z¯λ¯ − rz¯φ− 1
2
r
2
z¯σ + 2zz¯α¯+ rzz¯ψ + z2z¯ρ¯+ rζ¯ + D˜z + zδ¯z + z¯δz − (zz¯ + 1
2
r
2)Dz + rδ˚z
ϡˆ = ϡ+ r(γ+ γ¯)− ( 1
2
r
2+ zz¯)ϟ− ( 1
2
r
3+ rzz¯)(ǫ+ ǫ¯)− ( 1
4
r
4
− z
2
z¯
2)ϝ+( 1
2
r
2
− zz¯)ϛ+ r2(θ+ θ¯)− rß+( 1
2
r
3
− rzz¯)Z
+ zω¯ + z¯ω + rzæ¯ + rz¯æ + rzα+ rz¯α¯+ rzβ¯ + rz¯β − ( 1
2
r
2
z¯ + zz¯2)χ− ( 1
2
r
2
z + z2z¯)χ¯+ r2zη¯ + r2z¯η
+( 1
2
r
2
z−z
2
z¯)ψ¯+( 1
2
r
2
z¯−zz¯
2)ψ−( 1
2
r
3
z+rz2z¯)κ¯−( 1
2
r
3
z¯+rzz¯2)κ+rzτ¯+rz¯τ+zξ¯+ z¯ξ+z2φ¯+ z¯2φ+rz2σ¯+rz¯2σ
+ rzz¯ρ + rzz¯ρ¯ + zz¯υ + zz¯υ¯ + D˜r + zδ¯r + z¯δr + rδ˚r
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Transformation rules of the Weyl tensor To make contact with the CMPP classification, we shall
state the transformations rule of the Weyl tensor under boosts in terms of boost weights, as given in Table
2. We recall that a scalar quantity f is said to be of boost weight w, if, under a boost (A.10), it transforms
according to the rule f 7→ fˆ = bwf .
Weyl tensor components Boost weights
Ψ0, Ψ
0
0, Ψ
0
1 2
Ψ03, Ψ1, Ψ
1
1, Ψ
2
1 1
Ψ013, Ψ
1
13, Ψ
2
13, Ψ2, Ψ
0
2 0
Ψ14, Ψ3, Ψ
1
3, Ψ
2
3 -1
Ψ4, Ψ
0
4, Ψ
0
3 -2
Table 2: Boost weights of the components of the Weyl tensor
We omit the transformation rules for unitary rotations, which are pretty straightforward. On the other
hand, under a null rotation (A.9), the Weyl tensor transforms according to
Ψˆ0 = Ψ0 , Ψˆ1 = Ψ1 + zΨ
0
1 + z¯Ψ0 + rΨ
0
0 ,
Ψˆ00 = Ψ
0
0 , Ψˆ
0
1 = Ψ
0
1 ,
Ψˆ03 = Ψ03 + rΨ0 − zΨ
0
0 , Ψˆ
1
1 = Ψ
1
1 + rΨ
0
0 + 2zΨ
0
1 , Ψˆ
2
1 = Ψ
2
1 + rΨ
0
1 − zΨ¯
0
0 ,
Ψˆ113 = −
1
2
r
2Ψ00 + z
2Ψ¯00 +Ψ
1
13 − rΨ
1
1 − 2rzΨ
0
1 − 2zΨ
2
1
Ψˆ013 = rzΨ
0
0 + zΨ
1
1 −
1
2
r
2Ψ0 + z
2Ψ01 +Ψ
0
13 − rΨ03
Ψˆ213 = r
2Ψ¯00 − (
1
2
r
2 + zz¯)Ψ¯00 + rz¯Ψ
0
1 + rΨ¯1 + rzΨ¯0 +Ψ
2
13 + z¯Ψ
2
1 + zΨ¯03 ,
Ψˆ14 = −z¯
3Ψ00 +
3
2
r
2
z¯Ψ¯00 − 3z¯Ψ¯
1
13 + 3rz¯Ψ¯
1
1 + 3rz¯
2Ψ01 −
1
2
r
3Ψ¯0 + 3rΨ¯
0
13 + 3z¯
2Ψ¯21 −
3
2
r
2Ψ¯03 +Ψ14
Ψˆ2 = rz¯Ψ
0
0 − z¯Ψ
1
1 + 2z¯Ψ1 + z¯
2Ψ0 −
1
2
r
2Ψ01 +Ψ2 − rΨ¯
2
1
Ψˆ02 = rz¯Ψ
0
0 + rzΨ¯
0
0 +Ψ
0
2 + z¯Ψ
1
1 + zΨ¯
1
1 + (−r
2 + 2zz¯)Ψ01 − rΨ
2
1 − rΨ¯
2
1
Ψˆ3 = −2rz¯
2Ψ00 + (
1
2
r
3
− rzz¯)Ψ¯00 − z¯Ψ
0
2 − 2rΨ¯
1
13 + z¯
2Ψ11 + (r
2
− zz¯)Ψ¯11 − 3z¯
2Ψ1 − z¯
3Ψ0
+ ( 5
2
r
2
z¯ − zz¯
2)Ψ01 − 3z¯Ψ2 +
1
2
r
2Ψ¯1 +
1
2
r
2
zΨ¯0 − zΨ¯
0
13 + rΨ
2
13 +Ψ3 + rz¯Ψ
2
1 + 4rz¯Ψ¯
2
1 + rzΨ¯03
Ψˆ03 = (−
1
2
r
3
z¯ + rzz¯2)Ψ00 + (−
1
2
r
3
z + rz2z¯)Ψ¯00 + (−r
2 + 2zz¯)Ψ02 + rz¯Ψ
1
13 + rzΨ¯
1
13
+ (− 1
2
r
2
z¯ + zz¯2)Ψ11 + (−
1
2
r
2
z + z2z¯)Ψ¯11 − r
2
z¯Ψ1 −
1
2
r
2
z¯
2Ψ0 + (
1
4
r
4
− 2r2zz¯ + z2z¯2)Ψ01 + z¯
2Ψ013
−
1
2
r
2Ψ2 − r
2
zΨ¯1 −
1
2
r
2
z
2Ψ¯0 −
1
2
r
2Ψ¯2 + z
2Ψ¯013 − 2rz¯Ψ¯
2
13 − 2rzΨ
2
13 − z¯Ψ¯
1
3 − zΨ
1
3 +Ψ
0
3 − rz¯
2Ψ03
+ ( 1
2
r
3
− 2rzz¯)Ψ21 − rΨ¯
2
3 + (
1
2
r
3
− 2rzz¯)Ψ¯21 − rz
2Ψ¯03 − rΨ
2
3
Ψˆ13 = −rz¯
2Ψ00 + (
1
2
r
3
− 2rzz¯)Ψ¯00 − 2z¯Ψ
0
2 − rΨ¯
1
13 − z¯
2Ψ11 + (
1
2
r
2
− 2zz¯)Ψ¯11 + (2r
2
z¯ − 2zz¯2)Ψ01 + r
2Ψ¯1
+ r2zΨ¯0 − 2zΨ¯
0
13 + 2rΨ
2
13 + Ψ
1
3 + 2rz¯Ψ
2
1 + 2rz¯Ψ¯
2
1 + 2rzΨ¯03
Ψˆ23 =
1
2
r
2
z¯Ψ00 + (r
2
z − z
2
z¯)Ψ¯00 + rΨ
0
2 − z¯Ψ
1
13 + rz¯Ψ
1
1 + (−
1
2
r
3 + 2rzz¯)Ψ01 + 2rzΨ¯1 + rz
2Ψ¯0 + rΨ¯2
+ 2zΨ213 + (−r
2 + 2zz¯)Ψ21 −
1
2
r
2Ψ¯21 + z
2Ψ¯03 + Ψ
2
3
21
Ψˆ4 = 2rz¯
3Ψ00 − r
3
z¯Ψ¯00 + 6rz¯Ψ¯
1
13 − 2z¯
3Ψ11 − 3r
2
z¯Ψ¯11 + 4z¯
3Ψ1 + z¯
4Ψ0 − 3r
2
z¯
2Ψ01 + 6z¯
2Ψ2 +
1
4
r
4Ψ¯0
− 3r2Ψ¯013 + 2z¯Ψ
1
3 − 4z¯Ψ3 + Ψ4 − 6rz¯
2Ψ¯21 + r
3Ψ¯03 − 2rΨ14
Ψˆ04 = (
3
2
r
2
z¯
2
− zz¯
3)Ψ00 + (−
1
4
r
4 + 3
2
r
2
zz¯)Ψ¯00 + 3rz¯Ψ
0
2 + 3(
1
2
r
2
− zz¯)Ψ¯113 + (−
1
2
r
3 + 3rzz¯)Ψ¯11
+ 3rz¯2Ψ1 + rz¯
3Ψ0 + (−
3
2
r
3
z¯ + rzz¯ + 2rzz¯2)Ψ01 + 3rz¯Ψ2 −
1
2
r
3Ψ¯1 −
1
2
r
3
zΨ¯0 + 3rzΨ¯
0
13 + 3z¯
2Ψ¯213
−
3
2
r
2Ψ213 +Ψ
0
4 − rΨ
1
3 − rΨ3 + z¯
3Ψ03 −
3
2
r
2
z¯Ψ21 + 3z¯Ψ¯
2
3 + (−3r
2
z¯ + 3zz¯2)Ψ¯21 −
3
2
r
2
zΨ¯03 + zΨ14
B The Ricci identity
The Ricci identity are given by the well-known formula
2∂[c Γd]ab = 2Γ
e
[c |a Γ|d]eb + 2Γ
e
[cd] Γeab +Rcdab .
Taking components of the above formula and combining some of these yield a set of 54 equations:
−D˜ǫ+Dγ = −2ǫγ− ǫ¯γ−ǫγ¯−κν+ 1
2
χ¯ω− 1
2
χω¯+βπ+απ¯− 1
2
ϝϡ+ 1
2
ϟϛ−ατ+πτ−βτ¯+ϟθ−ϛθ+ 1
2
Ψ02+Ψ2+P11˜
(B.1)
−D˜κ+Dτ = −3γκ− γ¯κ− ϝω + ηϟ+ π¯ρ+ πσ + χϛ− ηϛ+ ǫτ − ǫ¯τ − ρτ − στ¯ +Ψ1 + P12 (B.2)
Dν − D˜π = −3ǫν − ǫ¯ν + γπ − γ¯π + µπ + λπ¯ − ω¯ϟ+ χ¯ϡ− λτ − µτ¯ + ϟζ − ϛζ −Ψ3 − P1˜2¯ (B.3)
−D˜ϝ+Dϛ = −2ϝγ − 2ϝγ¯ + κ¯ω + κω¯ + πψ + π¯ψ¯ − χ¯τ − ψ¯τ − χτ¯ − ψτ¯ + ϟZ − ϛZ −Ψ21 − Ψ¯
2
1 + P10 (B.4)
−D˜ϟ+Dϡ = −χν − χ¯ν¯ + ωπ + ω¯π¯ − 2ǫϡ− 2ǫ¯ϡ+ ϟß − ϛß + πξ − τ¯ ξ + π¯ξ¯ − τ ξ¯ + Ψ¯23 +Ψ
2
3 − P1˜0 (B.5)
−D˜χ+Dω = −2χγ + ϝν¯ − 2ǫ¯ω + φπ + æϟ− κϡ− æϛ− π¯ϛ+ ϟτ − φτ¯ + π¯υ − τυ + Ψ¯213 −Ψ
1
13 (B.6)
Dβ − δǫ = −α¯ǫ− βǫ¯− γκ− κµ+ 1
2
χ¯φ− ǫπ¯ + 1
2
ψϟ− βρ¯− ασ + πσ + χθ − ψθ − 1
2
χυ¯ − 1
2
ϝξ − 1
2
Ψ11 +Ψ1
(B.7)
−δκ+Dσ = χη − α¯κ− 3βκ− ϝφ− κπ¯ + χψ − ηψ + 3ǫσ − ǫ¯σ − ρσ − ρ¯σ − κτ +Ψ0 (B.8)
Dµ− δπ = −ǫµ− ǫ¯µ− κν − α¯π + βπ − ππ¯ − µρ¯− λσ − ϟυ¯ + χ¯ξ + χζ − ψζ +Ψ2 − P22¯ − P11˜ (B.9)
−δϝ+Dψ = −2α¯ϝ− 2βϝ+ κ¯φ− ϝπ¯ + 2ǫψ − χρ¯− ψρ¯− χ¯σ − ψ¯σ − κϛ+ κυ¯ + χZ − ψZ +Ψ00 (B.10)
−δϟ+Dξ = −χ¯λ¯− χµ+ φπ − π¯ϟ− κϡ+ π¯υ¯ + χß − ψß − 2ǫ¯ξ − ρ¯ξ − σξ¯ + Ψ¯213 − P20 (B.11)
−δχ+Dφ = æχ− 2βχ+ ϝλ¯− κω + 2ǫφ− 2ǫ¯φ− χπ¯ −æψ − π¯ψ − φρ¯+ ϟσ − συ − κξ +Ψ03 (B.12)
Dα− δ¯ǫ = αǫ¯− 2αǫ− β¯ǫ− γκ¯− κλ− 1
2
χφ¯− ǫπ + 1
2
ψ¯ϟ− αρ+ πρ− βσ¯ + χ¯θ − ψ¯θ+ 1
2
χ¯υ − 1
2
ϝξ¯ − 1
2
Ψ¯11 −P12¯
(B.13)
22
−δ¯κ+Dρ = χ¯η − 3ακ− β¯κ− κπ + χψ¯ − ηψ¯ + ǫ¯ρ+ ǫρ− ρ2 − σ¯σ − κ¯τ − ϝυ +Ψ01 − P11 (B.14)
Dλ− δ¯π = ǫ¯λ− 3ǫλ − κ¯ν + απ − β¯π − π2 − φ¯ϟ− λρ− µσ¯ + χ¯ξ¯ + χ¯ζ − ψ¯ζ + Ψ¯013 − P2¯2¯ (B.15)
−δ¯χ+Dυ = æχ¯− 2αχ + ϝµ¯− κ¯ω − χπ −æψ¯ − π¯ψ¯ + ϟρ− φσ¯ − ρυ − κξ¯ +Ψ21 + P10 (B.16)
D˜β− δγ = α¯γ +2βγ − βγ¯ −αλ¯− βµ− ǫν¯ + 1
2
ω¯φ+ 1
2
ψϡ+ νσ− γτ −µτ +ωθ− 1
2
ωυ¯− 1
2
ϛξ− θξ− 1
2
Ψ¯13 −P1˜2
(B.17)
D˜σ − δτ = −κν¯ + ηω + ωψ − λ¯ρ+ 3γσ − γ¯σ − µσ − φϛ+ α¯τ − βτ − τ 2 − ηξ +Ψ013 − P22 (B.18)
D˜µ− δν = −λλ¯− γµ− γ¯µ− µ2 + α¯ν + 3βν − ν¯π − ντ − ϡυ¯ + ω¯ξ + ωζ − ξζ +Ψ03 − P1˜1˜ (B.19)
D˜ψ − δϛ = −ϝν¯ + 2γψ − µψ − λ¯ψ¯ − ωρ¯− ω¯σ − ϛτ + φτ¯ + τ υ¯ + ωZ − ξZ +Ψ113 − P20 (B.20)
−δϡ+ D˜ξ = −µω − λ¯ω¯ + νφ− ν¯ϟ+ 2α¯ϡ+ 2βϡ− ϡτ + ν¯υ¯ + ωß − 2γ¯ξ − µξ − ßξ − λ¯ξ¯ + Ψ¯04 (B.21)
−δω + D˜φ = −χν¯ + æω + 2α¯ω + 2γφ− 2γ¯φ− µφ− ν¯ψ + ϡσ + λ¯ϛ− ωτ − λ¯υ − æξ − τξ + Ψ¯14 (B.22)
D˜α− δ¯γ = αγ¯ + β¯γ − βλ− αµ¯− ǫν − 1
2
ωφ¯+ νρ+ 1
2
ψ¯ϡ− γτ¯ − λτ + ω¯θ + 1
2
ω¯υ − 1
2
ϛξ¯ − θξ¯ +Ψ3 −
1
2
Ψ13
(B.23)
D˜ρ− δ¯τ = −κν + ηω¯ + ωψ¯ + γ¯ρ+ γρ− µ¯ρ− λσ − ατ + β¯τ − τ¯ τ − ϛυ − ηξ¯ +Ψ2 − P22¯ − P11˜ (B.24)
D˜λ− δ¯ν = γ¯λ− 3γλ− λµ¯− λµ+ 3αν + β¯ν − νπ − φ¯ϡ− ντ¯ + ω¯ξ¯ + ω¯ζ − ξ¯ζ +Ψ4 (B.25)
−δ¯ω + D˜υ = −χν + æω¯ + 2β¯ω − λφ− ν¯ψ¯ + ρϡ+ µ¯ϛ− ωτ¯ − µ¯υ − æ ξ¯ − τ ξ¯ + Ψ¯23 + P1˜0 (B.26)
δα− δ¯β = αα¯−2αβ+ββ¯− ǫµ+ ǫµ¯− 1
2
φφ¯+γρ+µρ−γρ¯−λσ−θυ+θυ¯+ 1
2
υυ¯+ 1
2
ψ¯ξ− 1
2
ψξ¯+Ψ2−
1
2
Ψ02+P22¯
(B.27)
δρ− δ¯σ = −κµ+ κµ¯+ φψ¯ + α¯ρ+ βρ− 3ασ + β¯σ + ρτ − ρ¯τ − ηυ − ψυ + ηυ¯ −Ψ11 +Ψ1 − P12 (B.28)
δλ− δ¯µ = α¯λ− 3βλ+ αµ+ β¯µ− µπ + µ¯π + νρ− νρ¯− φ¯ξ + υ¯ξ¯ − υζ + υ¯ζ −Ψ3 +Ψ
1
3 + P1˜2¯ (B.29)
−δ¯ψ + δψ¯ = −ϝµ+ ϝµ¯− 2αψ + 2α¯ψ¯ + φ¯σ − φσ¯ + ρϛ− ρ¯ϛ+ ρ¯υ − ρυ¯ − υZ + υ¯Z +Ψ21 − Ψ¯
2
1 (B.30)
−δ¯ξ + δξ¯ = −λφ+ λ¯φ¯− µϟ+ µ¯ϟ+ ρϡ− ρ¯ϡ+ µυ − µ¯υ¯ − υß + υ¯ß + 2β¯ξ − 2βξ¯ −Ψ23 + Ψ¯
2
3 (B.31)
−δ¯φ+ δυ = −χµ+ χµ¯− 2αφ+ 2β¯φ+ µ¯ψ − λ¯ψ¯ + ωρ− ωρ¯−æυ + æυ¯ + ρξ − σξ¯ + Ψ¯213 +Ψ
1
13 + P20 (B.32)
− δ˚ǫ+Dθ = − 1
2
æ¯χ−αχ+ 1
2
æχ¯− βχ¯−αη− βη¯− ϝγ+ ηπ− ǫϟ− ǫθ− ǫθ¯− 1
2
ϝß+ 1
2
ϟZ− θZ− κζ − Ψ¯21+
1
2
P10
(B.33)
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Dη − δ˚κ = −æϝ+ 2ǫη − κϟ− χρ− ηρ− χ¯σ − η¯σ − ϝτ − 3κθ − κθ¯ + χZ − ηZ +Ψ00 (B.34)
−δ˚π +Dζ = −χλ− ηλ− χ¯µ− η¯µ− ϝν − æ¯ϟ− πϟ+ πθ − πθ¯ + χ¯ß − 2ǫζ − Zζ + Ψ¯113 − P2¯0 (B.35)
− δ˚ϝ+DZ = −χ¯η − χη¯ + æ¯κ+æκ¯− χ¯ψ − η¯ψ − χψ¯ − ηψ¯ − ϝϟ− ϝϛ− 2ϝθ − 2ϝθ¯ + ǫZ + ǫ¯Z − Z2 − 2Ψ01 − P11
(B.36)
−δ˚ϟ+Dß = æπ + æ¯π¯ − ϟ2 − ϝϡ− ǫß − ǫ¯ß − χ¯ξ − η¯ξ − χξ¯ − ηξ¯ − ßZ − χζ − χ¯ζ¯ +Ψ02 − P00 − P1˜1 (B.37)
Dæ − δ˚χ = æǫ− æ ǫ¯− ϝω − χ¯φ− η¯φ− χϟ+ ηϟ− 2χθ − χυ − ηυ − κß − æZ − π¯Z + ϝζ¯ +Ψ11 − P12 (B.38)
− δ˚γ+ D˜θ = ην− 1
2
æ¯ω−αω+ 1
2
æω¯−βω¯− ǫϡ− γϛ+ γθ+ γθ¯− 1
2
ϛß− θß+ 1
2
ϡZ−βζ− τζ−αζ¯+Ψ¯23−
1
2
P1˜0
(B.39)
D˜η − δ˚τ = 2ηγ − ωρ− κϡ− ω¯σ −æϛ− ϛτ − τθ + τ θ¯ − ηß + ωZ − σζ − ρζ¯ + Ψ¯213 − P20 (B.40)
−δ˚ν + D˜ζ = −λω − µω¯ − æ¯ϡ− πϡ− νϛ+ 3νθ + νθ¯ + ω¯ß − 2γζ − µζ − ßζ − λζ¯ +Ψ04 (B.41)
− δ˚ϛ+ D˜Z = −η¯ω − ηω¯ − ω¯ψ − ωψ¯ − ϝϡ− ϛ2 + æ¯τ + æ τ¯ + γZ + γ¯Z − ßZ − ψζ − ψ¯ζ¯ +Ψ02 − P00 − P1˜1
(B.42)
− δ˚ϡ+ D˜ß = æν + æ¯ ν¯ − ϟϡ−ϡϛ+ 2ϡθ + 2ϡθ¯ − γß − γ¯ß − ß2 − ω¯ξ − ωξ¯ − ωζ − ξζ − ω¯ζ¯ − ξ¯ζ¯ − 2Ψ03 − P1˜1˜
(B.43)
D˜æ − δ˚ω = æγ −æ γ¯ − ω¯φ− χϡ+ ηϡ− ωϛ+ 2ωθ¯ − ωυ − æß − τß − ν¯Z − φζ + ϛζ¯ − υζ¯ + Ψ¯13 − P1˜2 (B.44)
− δ˚β+ δθ = ηγ+ ηµ− 1
2
æ¯φ−αφ− γψ−æθ−βθ+βθ¯+ 1
2
æυ¯−βυ¯− 1
2
ψß− ǫξ+ 1
2
ξZ− σζ+ ǫζ¯ +Ψ¯213+
1
2
P20
(B.45)
δη − δ˚σ = −æη + 2βη − æψ − φρ+ ητ − ψτ − 3σθ + σθ¯ − συ¯ − κξ + φZ + κζ¯ +Ψ03 (B.46)
−δ˚µ+ δζ = ην − λφ− νψ + µθ + µθ¯ − µυ¯ + υ¯ß − æ¯ξ − πξ −æζ − 2βζ + πζ¯ + Ψ¯23 + P1˜0 (B.47)
−δ˚ψ + δZ = −η¯φ− φψ¯ + æρ¯+ æ¯σ + ηϛ− ψϛ− 2ψθ − ηυ¯ − ψυ¯ − ϝξ − æZ + α¯Z + βZ + ϝζ¯ +Ψ11 − P12 (B.48)
δß − δ˚ξ = æ¯λ¯+ æµ+ ηϡ− ψϡ− æß − α¯ß − βß − ϟξ + 2θ¯ξ − υ¯ξ − φξ¯ − φζ + ϟζ¯ − υ¯ζ¯ + Ψ¯13 − P1˜2 (B.49)
δæ − δ˚φ = −æ2 −æα¯+æβ + ηω − ωψ− 2φθ+ 2φθ¯− φυ− φυ¯ − σß− χξ + ηξ − λ¯Z + χζ¯ + ψζ¯ − 2Ψ013 − P22
(B.50)
− δ˚α+ δ¯θ = η¯γ+ ηλ+ 1
2
æφ¯−βφ¯− γψ¯−αθ¯− æ¯θ+αθ− 1
2
æ¯υ−αυ− 1
2
ψ¯ß− ǫξ¯+ 1
2
ξ¯Z+ ǫζ − ρζ− Ψ¯113−
1
2
P2¯0
(B.51)
δ¯η − δ˚ρ = −æ¯η + 2αη − æψ¯ − φ¯σ + η¯τ − ψ¯τ − ρθ¯ − ρθ − ρυ − κξ¯ + υZ + κζ + Ψ¯21 + P10 (B.52)
−δ˚λ+ δ¯ζ = η¯ν − µφ¯− νψ¯ − λθ¯ + 3λθ − λυ + φ¯ß − æ¯ ξ¯ − πξ¯ − æ¯ζ − 2αζ + πζ +Ψ14 (B.53)
δ¯æ − δ˚υ = −æ¯æ + æα− æβ¯ + η¯ω − φ¯φ− ωψ¯ − υ2 − ρß − χξ¯ + ηξ¯ − µ¯Z + ψ¯ζ¯ + χζ − 2Ψ013 − P22 (B.54)
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C The Bianchi identity
Here, we give the components of the Bianchi identity according to the formula
∂[a Cb c]de = −2g[a |[dA e]|b c] − 2Γ f[a b C c]fde − 2Γ f[a |[d C e]|f |b c] ,
and obtain a set of 58 equations:
− δΨ1+ D˜Ψ0−DΨ
0
13 = A212+(2ω− ξ)Ψ
0
0+σΨ
0
2+(−χ−ψ)Ψ
1
13+(−π¯+2τ )Ψ
1
1+(−2β− 4τ )Ψ1+(4γ−µ)Ψ0
− λ¯Ψ01 + (−2ǫ+ 2ǫ¯ + ρ¯)Ψ
0
13 + 3σΨ2 + (−χ+ 2ψ)Ψ¯
2
13 − κΨ¯
1
3 + (ϟ− 2ϛ)Ψ03 + φΨ
2
1 + ϝΨ¯14 + φΨ¯
2
1 (C.1)
−DΨ11 +DΨ1 + δ¯Ψ0 − δΨ
0
1 = −A112 + (2υ − υ¯)Ψ
0
0 − φΨ¯
0
0 + κΨ
0
2 − ϝΨ
1
13 + (−2ǫ+ 2ρ+ ρ¯)Ψ
1
1 + σΨ¯
1
1
+(2ǫ−4ρ)Ψ1+(4α+π)Ψ0+(−2α¯−2β−π¯)Ψ
0
1+κ¯Ψ
0
13−3κΨ2−ϝΨ¯
2
13+(χ¯−2ψ¯)Ψ03+(χ+ψ)Ψ
2
1+(−2χ+ψ)Ψ¯
2
1
(C.2)
δ¯Ψ1 +DΨ2 − δΨ¯1 −DΨ¯2 = −A122¯ + ξ¯Ψ
0
0 − ξΨ¯
0
0 + (−ρ+ ρ¯)Ψ
0
2 + (−χ¯+ ψ¯)Ψ
1
13 + (χ− ψ)Ψ¯
1
13 − πΨ
1
1 + π¯Ψ¯
1
1
+ (2α+ 2π)Ψ1 + λΨ0 + (−µ+ µ¯)Ψ
0
1 − σ¯Ψ
0
13 − 3ρΨ2 + (−2α¯− 2π¯)Ψ¯1 − λ¯Ψ¯0 + 3ρ¯Ψ¯2 + σΨ¯
0
13 + (χ¯− 2ψ¯)Ψ¯
2
13
+ (−χ+ 2ψ)Ψ213 + κ¯Ψ¯
1
3 − κΨ
1
3 − 2κ¯Ψ¯3 + 2κΨ3 + (ϟ− υ + υ¯)Ψ
2
1 − ϝΨ¯
2
3 + (−ϟ− υ + υ¯)Ψ¯
2
1 + ϝΨ
2
3 (C.3)
− δ¯Ψ013 + δΨ¯2 +DΨ¯
1
3 −DΨ¯3 = A1˜12 − A222¯ − π¯Ψ
0
2 + (ϟ− υ + υ¯)Ψ
1
13 − µ¯Ψ
1
1 − λ¯Ψ¯
1
1 + (−2α+ 2β¯ − π)Ψ
0
13
+2λ¯Ψ¯1+3π¯Ψ¯2+(ϟ−υ)Ψ¯
2
13+φΨ
2
13+(−2ǫ¯− ρ− ρ¯)Ψ¯
1
3+(2ǫ¯+2ρ¯)Ψ¯3− κ¯Ψ¯4+κΨ
0
3+ ξ¯Ψ03− ξΨ
2
1+(−χ¯+ ψ¯)Ψ¯14
− χΨ¯23 + (2χ − ψ)Ψ
2
3 (C.4)
−DΨ02 − δ¯Ψ
1
1 − δΨ¯
1
1 + δ¯Ψ1 +DΨ2 + δΨ¯1 +DΨ¯2 = A212¯ + A2¯12 + (ρ+ ρ¯)Ψ
0
2 + (2χ¯− ψ¯)Ψ
1
13 + (2χ− ψ)Ψ¯
1
13
+(−2α−2π)Ψ11+(−2α¯−2π¯)Ψ¯
1
1+(2α+2π)Ψ1+λΨ0+(−µ− µ¯)Ψ
0
1+ σ¯Ψ
0
13−3ρΨ2+(2α¯+2π¯)Ψ¯1+ λ¯Ψ¯0−3ρ¯Ψ¯2
+ σΨ¯013 + (2χ¯− ψ¯)Ψ¯
2
13 + (2χ− ψ)Ψ
2
13 − 2κ¯Ψ¯
1
3 − 2κΨ
1
3 + 2κ¯Ψ¯3 + 2κΨ3 + φ¯Ψ03 + (υ − 2υ¯)Ψ
2
1
+ (−2υ + υ¯)Ψ¯21 + φΨ¯03 (C.5)
D˜Ψ2 + δΨ3 −DΨ
0
3 = A1˜11˜ −A2¯1˜2 − µΨ
0
2 + (ω − 2ξ)Ψ¯
1
13 − νΨ
1
1 + 2νΨ1 − 3µΨ2 − λ¯Ψ¯
0
13 + ω¯Ψ¯
2
13
+ ξΨ213 − χ¯Ψ¯
0
4 + (−χ+ ψ)Ψ
0
4 + πΨ¯
1
3 + (π¯ − τ )Ψ
1
3 + (−2β + 2τ )Ψ3 + (2ǫ+ 2ǫ¯+ ρ¯)Ψ
0
3 + σΨ4
+ (ϟ − ϛ − υ¯)Ψ¯23 − ϡΨ¯
2
1 + (ϟ − υ¯)Ψ
2
3 (C.6)
δ¯Ψ2 − δΨ¯
0
13 +DΨ
1
3 −DΨ3 = A1˜12¯ + A2¯22¯ − πΨ
0
2 + (ϟ+ υ − υ¯)Ψ¯
1
13 − λΨ
1
1 − µΨ¯
1
1 + 2λΨ1 + 3πΨ2
+ (−2α¯+ 2β − π¯)Ψ¯013 + φ¯Ψ¯
2
13 + (ϟ− υ¯)Ψ
2
13 + (−2ǫ− ρ− ρ¯)Ψ
1
3 + (2ǫ+ 2ρ)Ψ3 + κ¯Ψ
0
3 − κΨ4
+ (2χ¯ − ψ¯)Ψ¯23 − ξ¯Ψ¯
2
1 + ξΨ¯03 − χ¯Ψ
2
3 + (−χ + ψ)Ψ14 (C.7)
D˜Ψ00 −DΨ
1
13 + δΨ
2
1 + δΨ¯
2
1 = A012 + (3γ + γ¯ − µ)Ψ
0
0 − λ¯Ψ¯
0
0 + (−χ+ 2ψ)Ψ
0
2 + (−ǫ+ ǫ¯+ 2ρ¯)Ψ
1
13 + 2σΨ¯
1
13
+(ϟ−ϛ)Ψ11+(−ϛ+ υ¯)Ψ1− ω¯Ψ0+(−3ω+2ξ)Ψ
0
1+ χ¯Ψ
0
13+ψΨ2+φΨ¯1+(χ+ψ)Ψ¯2− ρ¯Ψ¯
2
13−σΨ
2
13−ϝΨ¯3+ τ¯Ψ03
+ (α¯ + β + 2π¯)Ψ21 − κ¯Ψ¯14 + (α¯ + β + 3τ )Ψ¯
2
1 − κΨ
2
3 (C.8)
δΨ113 − δΨ¯
2
13 + D˜Ψ03 −DΨ¯14 = −ν¯Ψ
0
0+ (−α¯+ β+3π¯)Ψ
1
13 + (2ω− ξ)Ψ
1
1 +(−ω− ξ)Ψ1 +ϡΨ0 +(−3ϟ+3ϛ)Ψ
0
13
+ φΨ2 − φΨ¯2 + (α¯− β − 3τ )Ψ¯
2
13 + κΨ¯
0
4 + (−2χ+ ψ)Ψ¯
1
3 + (χ+ ψ)Ψ¯3 − ϝΨ¯4 + (3γ − γ¯ − µ)Ψ03 − 2λ¯Ψ
2
1
+ (−ǫ + 3ǫ¯ + ρ¯)Ψ¯14 + 2σΨ¯
2
3 − λ¯Ψ¯
2
1 + σΨ
2
3 (C.9)
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δ¯Ψ00 − δΨ¯
0
0 +DΨ
2
1 −DΨ¯
2
1 = (3α+ β¯ + π)Ψ
0
0 + (−3α¯− β − π¯)Ψ¯
0
0 + 2κ¯Ψ
1
13 − 2κΨ¯
1
13 + (2χ¯− ψ¯)Ψ
1
1
+ (−2χ+ ψ)Ψ¯11+ (−χ¯− ψ¯)Ψ1 − φ¯Ψ0 + (−3υ+ 3υ¯)Ψ
0
1 − ϝΨ2 + (χ+ψ)Ψ¯1 + φΨ¯0 + ϝΨ¯2 + κ¯Ψ¯
2
13 − κΨ
2
13 + σ¯Ψ03
+ (ǫ + ǫ¯ − 3ρ¯)Ψ21 + (−ǫ − ǫ¯ + 3ρ)Ψ¯
2
1 − σΨ¯03 (C.10)
DΨ113 +DΨ¯
2
13 + δ¯Ψ03 − δΨ
2
1 = A012 − µ¯Ψ
0
0 + λ¯Ψ¯
0
0 + (2χ− ψ)Ψ
0
2 + (ǫ− ǫ¯− 2ρ¯)Ψ
1
13 + (−ϟ+ 2υ − υ¯)Ψ
1
1
+φΨ¯11+(ϟ−υ)Ψ1+ ξ¯Ψ0−ξΨ
0
1+(−2χ¯+3ψ¯)Ψ
0
13−χΨ2−φΨ¯1+(−χ−ψ)Ψ¯2+(ǫ− ǫ¯−3ρ)Ψ¯
2
13+σΨ
2
13−ϝΨ¯
1
3+ϝΨ¯3
+ (3α− β¯ + π)Ψ03 + (−α¯− β − 2π¯)Ψ
2
1 + κ¯Ψ¯14 − 2κΨ¯
2
3 + π¯Ψ¯
2
1 + κΨ
2
3 (C.11)
D˜Ψ¯213 −DΨ¯
0
4 − δΨ¯
2
3 − δΨ
2
3 = −A01˜2 + (ω − 2ξ)Ψ
0
2 + µΨ
1
13 + λ¯Ψ¯
1
13 +ϡΨ1 − ω¯Ψ
0
13 + (−ω − ξ)Ψ2 − ξΨ¯2
+(γ− γ¯−2µ)Ψ¯213−2λ¯Ψ
2
13+(ǫ+3ǫ¯+ ρ¯)Ψ¯
0
4+σΨ
0
4+(ϟ−ϛ)Ψ¯
1
3+(ϟ− υ¯)Ψ¯3+χ¯Ψ¯4−φΨ3+(3χ−2ψ)Ψ
0
3+νΨ03−πΨ¯14
+ (α¯ + β − 2τ )Ψ¯23 + ν¯Ψ¯
2
1 + (α¯ + β − 3π¯)Ψ
2
3 (C.12)
δ¯Ψ¯213 − δΨ
2
13 +DΨ¯
2
3 −DΨ
2
3 = A022¯ + (υ − υ¯)Ψ
0
2 + πΨ
1
13 − π¯Ψ¯
1
13 + ξ¯Ψ1 − φ¯Ψ
0
13 + (ϟ− υ)Ψ2 − ξΨ¯1
+ (−ϟ+ υ¯)Ψ¯2 + φΨ¯
0
13 + (α− β¯ + 2π)Ψ¯
2
13 + (−α¯+ β − 2π¯)Ψ
2
13 + κ¯Ψ¯
0
4 − κΨ
0
4 + (2χ¯− ψ¯)Ψ¯
1
3 + (−2χ+ ψ)Ψ
1
3
− χ¯Ψ¯3 + χΨ3 + λΨ03 − µΨ
2
1 + (−ǫ − ǫ¯ − 2ρ)Ψ¯
2
3 + µ¯Ψ¯
2
1 − λ¯Ψ¯03 + (ǫ + ǫ¯ + 2ρ¯)Ψ
2
3 (C.13)
δ¯Ψ1 − D˜Ψ
0
1 +DΨ2 = −A111˜ − A212¯ + (−ω¯ + ξ¯)Ψ
0
0 − ωΨ¯
0
0 − ρΨ
0
2 + ψ¯Ψ
1
13 + χΨ¯
1
13 + (−π + τ¯ )Ψ
1
1 + τ Ψ¯
1
1
+ (2α+ 2π)Ψ1 + λΨ0 + (−2γ − 2γ¯ + µ¯)Ψ
0
1 − σ¯Ψ
0
13 − 3ρΨ2 + (χ¯− 2ψ¯)Ψ¯
2
13 − κΨ
1
3 + 2κΨ3 + (ϛ− υ)Ψ
2
1
− ϝΨ¯23 + (−ϟ + ϛ − υ)Ψ¯
2
1 (C.14)
D˜Ψ11 − D˜Ψ1 − δ¯Ψ
0
13 + δΨ2 = A11˜2 − A222¯ − τΨ
0
2 + (ϛ− υ)Ψ
1
13 + φΨ¯
1
13 + (2γ − µ− µ¯)Ψ
1
1 + (−2γ + 2µ)Ψ1
− νΨ0 + ν¯Ψ
0
1 + (−2α+ 2β¯ − τ¯)Ψ
0
13 + 3τΨ2 + (ϛ− υ + υ¯)Ψ¯
2
13 − ρΨ¯
1
3 − σΨ
1
3 + 2σΨ3 + (−ω¯ + ξ¯)Ψ03
− ωΨ21 + ψ¯Ψ¯14 − ψΨ¯
2
3 + (2ω − ξ)Ψ¯
2
1 (C.15)
δ¯Ψ02 + δ¯Ψ2 − D˜Ψ¯1 + δ¯Ψ¯2 −DΨ3 = −A11˜2¯ − A1˜12¯ − ϡΨ¯
0
0 + (π + τ¯ )Ψ
0
2 + (2ϟ− ϛ)Ψ¯
1
13 + 2λΨ1 − νΨ
0
1
+3πΨ2+(−2γ¯+2µ¯)Ψ¯1 − ν¯Ψ¯0+3τ¯Ψ¯2+ (π¯+ τ )Ψ¯
0
13+(−ϟ+2ϛ)Ψ
2
13 − ϝΨ
0
4+2σ¯Ψ¯3+(2ǫ+2ρ)Ψ3 − κ¯Ψ
0
3 − κΨ4
+ (ω¯ − 2ξ¯)Ψ21 + (χ¯ − 2ψ¯)Ψ¯
2
3 + (ω¯ − 2ξ¯)Ψ¯
2
1 + (χ¯ − 2ψ¯)Ψ
2
3 (C.16)
− D˜Ψ¯11+ δ¯Ψ2+ D˜Ψ¯1− δ¯Ψ¯2+DΨ
1
3 −DΨ3 = A2¯11˜+(−π+ τ¯ )Ψ
0
2− φ¯Ψ
1
13+(ϟ− ϛ+ υ)Ψ¯
1
13−λΨ
1
1+(−2γ¯+ µ¯)Ψ¯
1
1
+2λΨ1−νΨ
0
1+3πΨ2+(2γ¯−2µ¯)Ψ¯1+ ν¯Ψ¯0−3τ¯Ψ¯2+(−π¯+ τ )Ψ¯
0
13+ φ¯Ψ¯
2
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2
13+ σ¯Ψ¯
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− 2σ¯Ψ¯3 +(2ǫ+2ρ)Ψ3+ κ¯Ψ
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3 − κΨ4 + (−2ω¯+ ξ¯)Ψ
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1+(2χ¯− ψ¯)Ψ¯
2
3+ (ω¯− ξ¯)Ψ¯
2
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2
3 −χΨ14
(C.17)
− D˜Ψ2 + D˜Ψ¯2 + δ¯Ψ¯3 − δΨ3 = −A1˜22¯ + (µ− µ¯)Ψ
0
2 + (ω¯− 2ξ¯)Ψ
1
13 + (−ω+2ξ)Ψ¯
1
13 + νΨ
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1 − ν¯Ψ¯
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1 − 2νΨ1 − λΨ
0
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+ 3µΨ2 + 2ν¯Ψ¯1 − 3µ¯Ψ¯2 + λ¯Ψ¯
0
13 + (−ω¯ + ξ¯)Ψ¯
2
13 + (ω − ξ)Ψ
2
13 + ψ¯Ψ¯
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4 − ψΨ
0
4 − τ¯Ψ¯
1
3 + τΨ
1
3 + (−2β¯ + 2τ¯)Ψ¯3
+ σ¯Ψ¯4 + (2β − 2τ )Ψ3 + (ρ− ρ¯)Ψ
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3 − σΨ4 − ϡΨ
2
1 + (ϛ− υ + υ¯)Ψ¯
2
3 + ϡΨ¯
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D˜Ψ02 − D˜Ψ2 − D˜Ψ¯2 + δ¯Ψ¯
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3 + δΨ
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1
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− D˜Ψ¯013 − δ¯Ψ3 +DΨ4 = A2¯1˜2¯ + λΨ
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2 + (−ω¯ + 2ξ¯)Ψ¯
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3 + (−4ǫ− ρ)Ψ4 + φ¯Ψ¯
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(C.20)
− D˜Ψ13 + D˜Ψ3 − δ¯Ψ
0
3 + δΨ4 = −A1˜1˜2¯ + νΨ
0
2 − ϡΨ¯
1
13 − 3νΨ2 + ν¯Ψ¯
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13 − ϡΨ
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0
3+(−4β+τ )Ψ4+(−2ω¯+ξ¯)Ψ¯
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− δ¯Ψ113+ δ¯Ψ¯
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13−D˜Ψ
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1+DΨ¯
2
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− δ¯Ψ113 + δΨ¯
1
13 − D˜Ψ
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1 + D˜Ψ¯
2
1 = −A022¯ − νΨ
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0 + ν¯Ψ¯
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0 + (−υ + υ¯)Ψ
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2 + (−α+ β¯ − 2τ¯ )Ψ
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+(−2ω¯+ ξ¯)Ψ11+(2ω− ξ)Ψ¯
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1+ ω¯Ψ1+ φ¯Ψ
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1 − ρΨ
2
3 + σΨ14 (C.23)
− D˜Ψ113 − D˜Ψ¯
2
13 − δ¯Ψ¯14 + δΨ¯
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3 = −A01˜2 + (−2ω + ξ)Ψ
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2 + (−γ + γ¯ + 3µ¯)Ψ
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13 − λ¯Ψ¯
1
13 +ϡΨ
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1 − ϡΨ1
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4 − σΨ
0
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− δ¯Ψ¯04 + δΨ
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4 − D˜Ψ¯
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3 + D˜Ψ
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3 = −νΨ
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13 + ν¯Ψ¯
1
13 − ϡΨ2 + ϡΨ¯2 − 2νΨ¯
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2
13 + (α+ 3β¯ − τ¯ )Ψ¯
0
4
+(−α¯− 3β+ τ )Ψ04+(−2ω¯+ ξ¯)Ψ¯
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3 + λ¯Ψ14 (C.25)
− δΨ00 + δ˚Ψ0 +DΨ03 = (2æ − α¯− 3β − π¯)Ψ
0
0 + (2χ+ 2η + ψ)Ψ
1
1 + (−χ− 4η + ψ)Ψ1
+ (ϟ + 4θ + υ¯)Ψ0 + 3φΨ
0
1 + 3ϝΨ
0
13 − 3κΨ¯
2
13 + (3ǫ − ǫ¯ − ρ¯ − 2Z)Ψ03 − 3σΨ¯
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−DΨ113 + δ˚Ψ1 +DΨ¯
2
13 + δΨ
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1 + δΨ¯
2
1 = −A120 + (−µ+ ß)Ψ
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0 − λ¯Ψ¯
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+2σΨ¯113+ϟΨ
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− δΨ¯00 + δ˚Ψ
0
1 +DΨ
2
1 = A110 + æ¯Ψ
0
0 + (æ − 3α¯− β − π¯)Ψ¯
0
0 + ϝΨ
0
2 + 2κ¯Ψ
1
13 + (χ¯− η¯)Ψ
1
1 + (−χ− η + ψ)Ψ¯
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1
+ (ϟ + 2θ + 2θ¯ + 3υ¯)Ψ01 + (χ+ ψ)Ψ¯1 + φΨ¯0 + ϝΨ¯2 − κΨ
2
13 + (ǫ+ ǫ¯− 3ρ¯ − Z)Ψ
2
1 − ZΨ¯
2
1 − σΨ¯03 (C.28)
δΨ113 − δ˚Ψ
0
13 −DΨ¯14 = −A220 + φΨ
0
2 + (−æ − α¯+ β + 3π¯)Ψ
1
13 + (−ξ − ζ¯)Ψ
1
1 + (−3ϟ− 2θ + 2θ¯ − υ¯)Ψ
0
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− φΨ¯2 − æΨ¯
2
13 + κΨ¯
0
4 + (−2χ− η)Ψ¯
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3 + (χ+ ψ)Ψ¯3 − ϝΨ¯4 + ßΨ03 − 2λ¯Ψ
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1 + (−ǫ+ 3ǫ¯ + ρ¯+ Z)Ψ¯14 + σΨ
2
3
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DΨ113 − δ˚Ψ
1
1 + δ˚Ψ1 +DΨ¯
2
13 − δΨ
2
1 + δΨ¯
2
1 = A210 − µΨ
0
0 + λ¯Ψ¯
0
0 + (2χ+ η)Ψ
0
2 + (ǫ− ǫ¯− 2ρ¯− Z)Ψ
1
13 + 2σΨ¯
1
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+(−ϟ−2θ−2υ¯)Ψ11+2φΨ¯
1
1+(ϟ+2θ+ υ¯)Ψ1+ζΨ0− ζ¯Ψ
0
1+(−2χ¯+ η¯)Ψ
0
13+(−χ−3η+ψ)Ψ2−φΨ¯1+(−χ−ψ)Ψ¯2
+ (ǫ− ǫ¯− ρ¯− Z)Ψ¯213 + σΨ
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13 − ϝΨ¯
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3 + ϝΨ¯3 + (æ¯ + π)Ψ03 + (æ − α¯− β − 2π¯)Ψ
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1 + κ¯Ψ¯14 − 2κΨ¯
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+ (−2æ + α¯ + β + π¯)Ψ¯21 + κΨ
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− δΨ¯113 + δ˚Ψ2 +DΨ¯
2
3 = A1˜10 + A2¯20 + (ϟ− υ¯)Ψ
0
2 + (æ − α¯+ β − π¯)Ψ¯
1
13 − ζΨ
1
1 + ξΨ¯
1
1 + 2ζΨ1 + (ϟ+ υ¯)Ψ2
+φΨ¯013+(æ¯+2π)Ψ¯
2
13−κΨ
0
4+χ¯Ψ¯
1
3+(−χ−η)Ψ
1
3+(χ+2η−ψ)Ψ3+ϝΨ
0
3+(−ǫ− ǫ¯−ρ¯−Z)Ψ¯
2
3+(2µ−ß)Ψ¯
2
1−σΨ14
(C.31)
δ˚Ψ00 +DΨ
1
1 + 2δΨ
0
1 = −A112 + (ϟ+ 3θ + θ¯ + 2υ¯)Ψ
0
0 + 2φΨ¯
0
0 − 2κΨ
0
2 + 2ϝΨ
1
13 + (2ǫ − 2ρ¯− Z)Ψ
1
1 − 2σΨ¯
1
1
− ZΨ1 − æ¯Ψ0+(−3æ +4α¯+4β+2π¯)Ψ
0
1− 2κ¯Ψ
0
13 − ϝΨ¯
2
13+(−χ¯+ η¯)Ψ03+(−2χ− 2ψ)Ψ
2
1+(χ+3η− 2ψ)Ψ¯
2
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(C.32)
−δΨ11−2DΨ
0
13+ δ˚Ψ03 = −A212+(−ξ− ζ¯)Ψ
0
0+2σΨ
0
2+(−2χ−2ψ)Ψ
1
13+(2æ−2β−2π¯)Ψ
1
1−æΨ1+ßΨ0−2λ¯Ψ
0
1
+ (−4ǫ+ 4ǫ¯ + 2ρ¯+ 3Z)Ψ013 + (−2χ− 3η + ψ)Ψ¯
2
13 − 2κΨ¯
1
3 + (2ϟ+ 3θ − θ¯ + υ¯)Ψ03 + 2φΨ
2
1 + 2ϝΨ¯14 − φΨ¯
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(C.33)
− δΨ02 + δ˚Ψ¯
2
13 +DΨ¯
1
3 = A020 − A1˜12 + (æ − 2π¯)Ψ
0
2 + (−ϟ+ υ¯)Ψ
1
13 + φΨ¯
1
13 − µΨ
1
1 − λ¯Ψ¯
1
1 + ßΨ1
+ (−æ¯ − 2π)Ψ013 − æΨ2 + (2ϟ + θ − θ¯ + υ¯)Ψ¯
2
13 + φΨ
2
13 + ϝΨ¯
0
4 + (−2ǫ¯− ρ¯− Z)Ψ¯
1
3 − σΨ
1
3 + 2κΨ
0
3 + ζΨ03 + ξΨ
2
1
− χ¯Ψ¯14 + (−2χ − 2η + ψ)Ψ¯
2
3 + (ξ + ζ¯)Ψ¯
2
1 + (χ + ψ)Ψ
2
3 (C.34)
− D˜Ψ00 + δ˚Ψ1 +DΨ¯
2
13 = −A210 + (−3γ − γ¯ + ß)Ψ
0
0 + (χ− η)Ψ
0
2 + ZΨ
1
13 + ϛΨ
1
1 + (ϟ+ ϛ+ 2θ)Ψ1 + (ω¯ + ζ)Ψ0
+(3ω+ ζ¯)Ψ01+(−χ¯−η¯)Ψ
0
13+(−χ−3η)Ψ2+(ǫ− ǫ¯−2Z)Ψ¯
2
13−ϝΨ¯
1
3+(π− τ¯)Ψ03−æΨ
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1−2κΨ¯
2
3+(−æ+π¯−3τ )Ψ¯
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(C.35)
− δ˚Ψ013 + δΨ¯
2
13 − D˜Ψ03 = −A220 + ν¯Ψ
0
0 + φΨ
0
2 −æΨ
1
13 + (−2ω − ζ¯)Ψ
1
1 + (ω + ξ)Ψ1 − ϡΨ0
+(−3ϛ−2θ+2θ¯−υ¯)Ψ013−φΨ2+(−æ−α¯+β+3τ )Ψ¯
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13+(−η−ψ)Ψ¯
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3+(−3γ+γ¯+µ+ß)Ψ03+ZΨ¯14−2σΨ¯
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(C.36)
− δ˚Ψ11 + δ˚Ψ1 − δ¯Ψ03 + δΨ¯
2
1 = A120 + (−µ+ µ¯)Ψ
0
0 + (η + ψ)Ψ
0
2 − ZΨ
1
13 + 2σΨ¯
1
13 + (−2θ − 2υ − υ¯)Ψ
1
1 + φΨ¯
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1
+(2θ+υ+ υ¯)Ψ1+(−ξ¯+ζ)Ψ0+(ξ− ζ¯)Ψ
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1+(η¯−3ψ¯)Ψ
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13+(−3η+ψ)Ψ2+(3ρ− ρ¯−Z)Ψ¯
2
13+(æ¯−3α+ β¯)Ψ03+æΨ
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+ (−2æ + α¯ + β)Ψ¯21 (C.37)
δ˚Ψ02 + δ˚Ψ2 + δ˚Ψ¯2 + D˜Ψ
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3 + D˜Ψ¯
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2
13+(2π¯−τ )Ψ
2
13−κ¯Ψ¯
0
4−κΨ
0
4
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1 + (−ǫ− ǫ¯− 2Z)Ψ¯
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δ˚Ψ2 − δ˚Ψ¯2 − D˜Ψ
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1 −DΨ
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− δΨ¯04 + δ˚Ψ¯4 + D˜Ψ¯14 = −3ν¯Ψ
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13 + 3ϡΨ
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13 + (2æ + 3α¯+ β − τ )Ψ¯
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4 + (2ω + ξ + 2ζ¯)Ψ¯
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+ (−ω + ξ − 4ζ¯)Ψ¯3 + (ϛ − 4θ¯ + υ¯)Ψ¯4 + 3φΨ
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